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PREFACE TO THE FIRST EDITION

The first study of any portion of mathematics should not be
done from a synopsis of compact results, such as this collection.
The references, although they are far from complete, will be
helpful, it is hoped, in showing where the derivation of the results
is given or where further similar results may be found. A list
of numbered references is given at the end of the book. These
are referred to in the text as “Ref. 7, p. 32, etc., the page num-
ber being that of the publication to which reference is made.

Letters are considered to represent real quantities unless other-
wise stated. Where the square root of a quantity is indicated,
the positive value is to be taken, unless otherwise indicated.
Two vertical lines enclosing a quantity represent the absolute or
numerical value of that quantity, that is, the modulus of the
quantity. The absolute value is a positive quantity. Thus,
log | — 3| = log 3.

The constant of integration is to be understood after each
integral. The integrals may usually be checked by differentiat-
ing.

In algebraic expressions, the symbol log represents natural
or Napierian logarithms, that is, logarithms to the base e. When
any other base is intended, it will be indicated in the usual
manner. When an integral contains the logarithm of a certain

. quantity, integration should not be carried from a negative to a

positive value of that quantity. If the quantity is negative, the
logarithm of the absolute value of the quantity may be used,
since log (— 1) = (2k + 1)=¢ will be part of the constant of
integration (see 409.03). Accordingly, in many cases, the loga-
rithm of an absolute value is shown, in giving an integral, so as
to indicate that it applies to real values, both positive and
negative.

Inverse trigonometric functions are to be understood as refer-
ring to the principal values.

Suggestions and criticisms as to the material of this book and
as to errors that may be in it, will be welcomed.

v




vi PREFACE

The author desires to acknowledge valuable suggestions from
Professors P. Franklin, W. H. Timbie, L. F. Woodruff, and
F. 8. Woods, of Massachusetts Institute of Technology.

H. B. Dwignr.

CAMBRIDGE, Mass.
December, 1933.

PREFACE TO THE SECOND EDITION

A considerable number of items have been added, including
groups of integrals involving

1 1
(a2 + bz + )", a+bsinz and a -+ beosz’
also additional material on inverse functions of complex quanti-
ties and on Bessel functions. A probability integral table (No.
1045) has been included.

It is desired to express appreciation for valuable suggestions
from Professor Wm. R. Smythe of California Institute of Tech-
nology and for the continued help and interest of Professor Philip
Franklin of the Department of Mathematics, Massachusetts In-
stitute of Technology.

HzersERT B. DWIcHT.
CaMBRIDGE, Mass,

PREFACE TO THE THIRD EDITION

In this edition, items 59.1 and 59.2 on determinants have been
added. The group (No. 512) of derivatives of inverse trigo-
nometric functions has been made more complete. On page 271
material is given, suggested by Dr. Rose M. Ring, which extends
the tables of e* and e * considerably, and is convenient when a
calculating machine is used.

Tables 1015 and 1016 of trigonometric functions of hundredths
of degrees are given in this edition on pages 220 to 257. When
calculating machines are used, the angles of a problem are
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usually given in decimals. A great many trigonometric formulas
involve addition of angles or multiplication of them by some
quantity, and even when the angles are given in degrees, minutes,
and seconds, to change the values to decimals of a degree gives
the advantages that are always afforded by a decimal system
compared with older and more awkward units. In such cases,
the tables in hundredths of degrees are advantageous.
HerseERT B. DwicHT

LexinaeToN, Mass.
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TABLES OF INTEGRALS AND OTHER
MATHEMATICAL DATA

ALGEBRAIC FUNCTIONS

1. (1+x)"-—1+nx+ 1)2+ n(n Z'l?’)l(n—2)x,

n!

LY —————— T cee,
+ + (n—rn)tr! +

Note that, here and elsewhere, we take Q! = 1. If n is a positive integer,

the expression consists of a finite number of terms. If n is not a positive

integer, the series is convergent for 2® < 1; and if n > 0, the series is con-

vergen* also for 22 = 1. [Ref. 21, p. 88.]

2. The coefficient of == in No. 1 is denoted by <r> or ,C,
Values are given in the following table.

TABLE OF BINOMIAL COEFFICIENTS

#Cr: Values of n in left column; values of r in top row

0 1 2 3 4 5 6 7 8 9 10
1 1 1
2 1 2 1 N.B. Sum of any two adja-
3 1 3 3 1 cent numbers in same row is
4 1 4 6 4 1 equal to number just below
5 1 5 10 10 5 1 the right-hand one of them.
6 1 6 15 2 15 6 1
7 1 7 21 35 35 21 7 1
8 1 8 28 56 70 56 28 8 1
9 1 9 36 84 1 126 | 126 84 36 9 1
10 1 10 45 120 { 210 | 252 | 210 | 120 45 10 1
For a large table see Ref. 59, v. 1, second section, p. 69.
nin — 1 _nn—1)Mn—-2
3. A—z)r=1—nz4+" ( ) o _Mn—=Dn—2) ,

31
r__———__n! T o
Tt (— 1 (n—r)!r!x +
[See Table 2 and note under No. 1.]
4. (a:l:x)"=a”<1d:§)"-

1




2 ALGEBRAIC FUNCTIONS

42. (Qx2)2?=1+2z+422 ,

43. (1 +2P°=1=x3z+ 322323

44. (1) =14z + 62% £ 423 + 24,
and so forth, using coefficients from Table 2.

51, (12" = 1:}:23:—:1-:—8:52:!:4—..8.—'15903
JISTUL L ez

52. (Qxz)s=1x %:v —?%ﬁ + ;zgﬁ
1258, sy

5.3. (I:I:x)l/z—-?tl:l:%x-—;%xz ;—;—:-éx‘*
e tem

54. (1x22=1 :I:g:c +3:—ix2 eSS g—4—léx3
HrEesT Frrgend T FE1]

55. (1zxzx)=1 :I:gx +g—:—4x2 + g—i-éx"‘
ITUN T P

6. A4+2"=1—nz+ n(nz-:— 1) 2% — nin + 13)!(n +2) z3

ot Gy S S e

7. (1—x)‘”=1+'ﬂx+ 21

(n4r—-1! |
+°°'+m$+ )

8. (@Lz)y™=0qgm <1 :l:§>_ ’

n(n + 1) 4 n(n + 1)'(n + 2) o
3!

[2? < 1].

[#® < a?].



SERIES AND FORMULAS 3
1-5-9

1 1-5
—1/4 — —_ — —_—
901, (1x=z =1 F e +4‘_8:z:2 =F4.8_12x3

9.02.

9.03.

9.04.

9.05.

9.06.

9.07.

9.08.

9.09.

9.10.

1-5-9-13
trgmes T oo @<
1,14, 147
~1/3 — 1
A £2)"8=1F g0 +552 :'—‘369”3
1-4-7-1
S TE (2 <13
—12 1 1-3 1-3-5
1 x=) ’2—1=F2x+2 2 46‘”3
1-3-5-7
+t32680 F " [=* <11
Ax2)? =1Fz+22F2+24F [2* < 1]
3 .35, 357
32 __ o
(1:i:x)32—1=F2x+ :F246x3
+38 0% ..., <1l
(lx2)? =1F20+32F 4P+ 54 F ---,
[«* < 1]
5-7-9
12 = 5
(1 + x)™2 1=F + x* 246“8
+—2'—-—-x4 -, [2<1]

Qx2)® =1 =F-1—%{2-3x T 3-422 4 4.52°
F 5.6zt + ---}, [«? < 1].

A2yt =1 ;r%jggz-s-:;x F 3-4-522 + 4-5-62°
F5.6T2t+ .-}, [#2<1]

AQxz)~* =17F 1234{2345x=|=3456x’

+ 45672 F5-6-7-8A + ---}, [af<1]




4 ALGEBRAIC FUNCTIONS

10. 2! = 2 10.1. 172! =.5
3! = 6 1/31 = .166 666 7
4! = 24 1/4! = .041 666 7
5! = 120 1/5! = .008 333 3
6! = 720 1/6! = .0013889
7! = 5040 1/71 = .000 198 4
81 = 40 320 1/81 = .000 024 80
9! = 362880 1/9! = .000 002 756
10! = 3628 800 1/10! = .000 000 275 6

11! = 39 916 800 1/111 = .000 000 025 05
For a large table see Ref. 59, v. 1, second section, pp. 58-68.

11, lim ———— = + (2m).
n—> M€V 1 v (@m)
This gives approximate values of n! for large values of n. Whenn = 12
the value given by the formula is 0.007(n!) too large and when n = 20 it is

0.004(n!) too large. [Ref. 21, p. 74. See also 851.4 and 850.4.]

12. 2= 4. 2= 64 210 = 1024.
2= 8. 27 = 128. 21 = 2048.
2* = 16. 28 = 256. 22 = 4096.
2 = 32, 2 = 512. 2B = 8192.

15.1. (@4 b+ c)>=a®+ b + ¢* + 2ab 4 2bc + 2ca.
[The sign = expresses an identity.]

152. (@+b—cY=a®+ b+ c* 4 2ab — 2bc — 2ca.
153. (@—b—c)=a>4 0+ & — 2ab + 2bc — 2ca.

16. @+bdb+c+d?=a>+ 0+ &+ d* 4 2ab + 2ac
+ 2ad + 2bc + 2bd + 2cd.

17. (a+b+cP=a+b+ A+ 6abe
-+ 3(a% - ab? + b% + bc* + c%a + ca?).

20.1. a4z = (a® — 23)/(a — x).
2011, 14+ z=(1 - 25)/1 - ).
20.2. a4+ ar 4+ 2 = (& — 2)/(a — x).

20.3. @&+ a’x + ax? + 2 = (¢! — 2%/(e — x)
= (a? + 2¥){a + z).

204, a'+addx 4 a2t +art + 2t = (05 —- 2%)/(a — z).
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20.5. ab+ o'z + ax? + a%® + axt 4 28

= (a® — 2%/(a — ) = (a® + 2%)(a® + az + 7).
21.1, a—2z=(a® — 2%)/(a + 2).
212. & —ax + 2% = (a® + 2%/(a + 2).

213, & — o+ a2? — 2® = (¢ — 2Y)/(a + 7)
= (o’ 4 2?)(a — 2).

214. a*— ’x + a%? — a® + 2t = (a® + 25)/(a + 7).

215. & —adlc+ P2 — P+ axt — 2°
= (¢ — 2%/(a + z) = (a® — 2°)(a® — az + 2?).

22.  a*F a4 2t = (a® — 29/(a® — 2?)
= (a® + ax + 25 (a® — ax + 2%).
22.1. a* — a%? + 2t = (a® + 2%)/(a® + 2?).

23. at + zt = (a? + 2°)? — 2a%?
= (a? + azV2 + 2¥)(a® — azV2 + 2?).

25. Arithmetic Progression of the first order (first differences
constant), to n terms,

a+@+d)+(@+2d)+(@+3d)+--- + {a+ (n — 1)d)
Ena+é—n(n — 1d

(1st term + nth term).

| M1

26. Geometric Progression, to n terms,
at+ar+a?*t+ad+ - +arl=al -r)/A ~-71)
= a(@™ — 1)/(r — 1).
26.1. If 2 < 1, the limit of the sum of an infinite number of
terms is a/(1 — 7).

27. The reciprocals of the terms of a series in arithmetic pro-
gression of the first order are in Harmonic Progression. Thus

1 1 1 U S
a' ao+d a+¥2d a+ (n—1)d

are in Harmonic Progression.




6 ALGEBRAIC FUNCTIONS

28.1. The Arithmetic Mean of n quantities is
1 \
o tatas+ oo+ el

28.2. The Geometric Mean of n quantities is
(a1 Qs Az *° - an)l’”.

28.3. Let the Harmonic Mean of n quantities be H. Then

1 1/1 1 1 1
g=i(a ot o+,

n \e [+2] as [27%

28.4. The arithmetic mean of a number of positive quantities
is = their geometric mean, which in turn is = their harmonic
mean.

29. Arithmetic Progression of the kth order (kth differences
constant).
Series: w1, Ug, Uz, °** Un.
First differences: dy/, do/, dd/, - - -
where di’ = us — 1, dy’ = us — us, ete.
Second differences: di”, d2”/, ds”, <+
where d,"” = dy — d/, ete.
Sum of n terms of the series

n!

mopmd

n! n!
et aoga® t

29.01. If a numerical table consists of values u, of a function at
equal intervals h of the argument, as follows,
fl@) =w, fla+h) =wu, fla+ 2h) = u; ete,
then
Ja + ph) = w + pa! + 22 D g

+ p(p — {)))!(p ~2) /" L.

where p < 1 and where dy/, d\”’, etc., are given by 29. The
coefficients of dy, d\”’, di"”, ete., are called Gregory-Newton
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Interpolation Coefficients. For numerical values of these co-
efficients see Ref. 44, v. 1, pp. 102-109 and Ref. 45, pp. 184-185.

201, 1 +4+2 43 +:.--+n =g(n+1).

202. 124224324 ... +n2=%(n+1)(2n+1)

= %(211,2 +3n + 1).

203. B+ P44 +n3=%2(n+1)2
n2
=Z(n2+2n+1).

204, 42434 -t
=%(n + 1)@n + 1)(3n? + 3n — 1)

= 2 (6n* + 15n® + 1002 — 1)
30

np +1

o n? B
P o LA TR oo 5
29.9. Zlu 1+ 5 -+ 51P"

~ 2o~ D — DS+ -,

omitting terms in 7° and those that follow.

For values of By, B,, ---, see 45.

The above resulis may be used to find the sum of a series
whose nth term is made up of n, n2, n?, etc.

301. 143+5+74+94 -+ +(2m—1) =n
302, 14+8+416+244+32+ .-+ +8n—1) = (2n — 1)

_ 142 .
33.1. 1+3x+5x2+7x3+-'-—m
332, l+4arx+t(a+b224(a+20)22+ ---
_ ar + (b — a)2®
_1+_—(W
142

333, 14 43244054 ... = T




8 ALGEBRAIC FUNCTIONS

14 6z + 22
2 F92,.2 203 e == .
33.4. 14 3% + 5% + 7% + M=y
[Contributed by W. V. Lyon. Ref. 43, p. 448.7]
1 1 1 1 1 get
35. E—a+b+a+2b—a+3b+“'-j; T+ 2™
[a, b> 0].
1,1 1 1 T
35.1. 1—§+5—7+§— =i [See 120 and 48.1.]
1,1 1 1 1/7w
35.2. 1—Z+7—T6+i§" —g(-\'/‘g+10ge2>.
[See 165.01.]
1 1,1 1 1 _1/T
35.3. §—5+g—ﬁ+ﬁ" —g‘(-‘/—g 10852).
[See 165.11.7]
1,1 1 1
35.4. 1—-5—+-9-—I§+'1—7—"’
1

[Ref. 34, p. 161, Ex. 1.]

38. If there is a power series for f(h), it is

h? h3
1(B) = J(0) + W) + o7 7(0) + 37 7"(0) + -+

[MACLAURIN’S SERIES. )

381 f(01) = F(0) + If'(0) + 1 7(0) + 41 10) + -+

hn—l (1)
where, for a suitable value of 8 between 0 and 1,
B e N
R, = —mf( (6h), or w= (1 — 6) 1™ (8h).

30. fa+ 1) = 1) + @) + 5 7@ + 5@ +

[TayLor’s SERIES. ]
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0.1 flz+h) = &) + W@ + 1) + -
+ /@ + Ry
where, for a suitable value of § between 0 and 1,
= P fo@+ o), or (n%)—, (1 — )™ (z + oh).

40. f(x+hy+k) =flz,y) + { af(:c, Y 4 g 6f(;v?,/y)}

oz dy é)y

9 f (z, Z/)
3 _J T I/ cee R
+ k FY¥ } + + R,
where, for suitable values of 61 and 6: between 0 and 1,

1 :
R,.=—!{ N S x,,_lay

nn=1), . o
+—‘2—” W gz

+h } F@ + 6k, y + 6%). [Ref.5, No.807.]

42.1. A number is divisible by 3 if the sum of the figures is
divisible by 3.

42.2. A number is divisible by 9 if the sum of the figures is
divisible by 9.

42.3. A number is divisible by 2* if the number consisting of the
last n figures is divisible by 2~

re

/




10 ALGEBRAIC FUNCTIONS

Bernoulli's Numbers and Euler’'s Numbers

45. BernouLLI’s EvuLEr’s
NuMBERS Loay B, NUMBERS Logyw E,
B =% 12218487 E = 1 0
B, = ;;1(, 35228787 E = 5 0.698 9700
By = 4%-2 23767507 Es= 61 1.785 3208
1 ~
By = 30 25228787 E, = 1,385 3.141 4498
B; = 656 58794261 E; = 50,521  4.703 4719
691 -
Bs = 2730 1.403 3154 FEs = 2,702,765 6.431 8083
B, = %— 0.066 9468 E; = 199,360,981 8.299 6402
B, = ?i%z 0.850 7783
453 867 For large tables see Ref. 27,
_ 43 pp. 176, 178; Ref. 34, pp. 234,
B, 798 1.740 1350 260; Ref. 44, v. 2, p. 230242 and
174,611 204-302; and Ref. 59, (v. 1), sec-
By = 30 2.723 5577 ond section, pp. 83-89.
854,513
By = ~133 3.791 8396

The above notation is used in Ref. 27 and 34 and in “American Standard
Mathematical Symbols,” Report of 1928, Ref. 28. There are several differ-
ent notations in use and, as stated in the above report, it is desirable when
using the letters B and E for the above series of numbers, to give 47.1 and
47.4 as definitions, or to state explicitly the values of the first few numbers,
as By = 1/6, B, = 1/30, B; = 1/42, etc., E1 = 1, E; = 5, E; = 61, etc.

2! e
6.1, Bn = oo Bt — g — gy1a1 Pt
4 ooe (= D
taking 0! = 1 and E, = 1.
_ 2n 2n — 11 (2 =11
46.2. Bn = gmm — 1) [(2n T P " @n — D13

e



SERIES AND FORMULAS 11

2n)! 1 1 1
47.1. B,.=1—r§(n2%[1+2—h+§ﬁ+4_2n+...]_
___Gm 111
47.2. B”_;r_?W‘_—_l) 1- 22n+32,,—42n+...].
_2(2a)! 1
47.3. Bn—m[l—l— +52n+72n+"':|'
22+2(2n)1 1 1
474. E, = _WTI')_ [1 —3mn T EmE maarl T ]
1,1 1 _ B _ 7w
48.1. 1 —+-—7+... -
48.2. + + -+ 1 +...=Bl,,2=%2.
1 _ Bam?  x?
48.3. 1—?+—"E+”"T‘1—2
R +---=?i34£i—=’l8-2
Bt
485 1+5+a5+ 5 at =T

Reversion of Series
50. Let a known series be
y=ar+br’+c®+dat+ e +f2f +g2" + ---, [a 0],
to find the coefficients of the series
z=Ay+ By +Cy¥+Dy* + Ef + F + Gy" + ---.

=1 -_2t = Lo —
A =3 =-a _a,5(2b ac).

= 517(5abc — a*d — 5b%).
E = l(sazbal + 3% + 148 — de — 21ab%).
F =3 (7a3be + 7a%cd + 84ab’c — a'f — 28a%%
— 28a%bc? — 4255).
= aim (8a®df + 8a'ce + 4a’d® + 120a%0°d -+ 180a2b%c?

4 13208 — a’g — 36a%b% — T72a’bed — 12a°c* — 330ablc).

[See Ref. 23, p. 11, Ref. 31, p. 116 and Philosophical Magazine, vol. 19
(1910), p. 366, for additional coefficients. ]
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Powersof S =a 4 bx 4 cx +dx® + ext + fx5 - .-
51.1. 8% = a? + 2abx + (B + 2ac)2? 4 2(ad + be)x?
+ (¢ + 2ae + 2bd)z* + 2(af + be + cd)ad - - -.

15 le 10
2. 1/2 — H1/2 — = [,
51.2. Sz =g [1+2ax+(2a 8a2>x2
1d 1b¢ 15
t(3E it e ®

<1 e 1bd 1¢ , 3 b 5 bt
tlao=F o~ 2 Gt omms — e @t |
2¢ 4a® 8a* 16a¢ 1284 ]

513, S = gii2 [1 ~ éz.x + <§ v 12) 2

3bd , 3¢ 1le 15b% , 35 b
+(zaz+§a—§a“rm+'fz‘§;4>x““']'

b ¥ ¢ (2bc _d D
A —1 — g1 [ —— 2 i o
51.4. 8 a [1 ax+<a2 a)x +\a2 p a3>m3
2d . 2 e b | bt
PE G T ) e
b b2 c
—2 . g2 Y =92 2
51.5. S o [1 201:1,'—1—(3&2 2a)x
(69—2—22—4%) 3

bd c? e b% bt

Roots of Quadratic Equation
55.1. The roots of ax? + bx +4- ¢ = 0 are

— b+ v — 4ac) _ — 2
- 2a b4 V(O — dac)’
_=b = (b —4ac) _ — 2
b= % =PV ® = da0)

The difference of two quantities is inconvenient to compute with pre-
cision and in such a case the alternative formula using the numerical sum
of two quantities should be used. [Ref. 41, p. 305.]
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55.2, If one root « has been computed precisely, use

b c
= —aq — - or = .
s a aa

Square Roots of Complex Quantity

8.1 V(o) = [\/(’";””) +i\/<” - x)]
58.2. V(z —4y) = = [J(T;”’) - z\/<r 5 x)],

where © may be positive or negative,

y is positive
r=+ V(@ +y)
t=v(=1).

The positive square roots of (» + z)/2 and (r — )/2 are to be used.
[Ref. 61, p. 260.]

58.3. An alternative method is to put  + 7y in the form
retd+2rk) (see 604.05)

where r = v (2 + 3%, cos8 =2/, sin@=1y/r, and k is an
integer or 0. Then

V(x + iy) = v (re®) = = \re?
] . . 8
= 4 Vr{coss + isinz)-
2 2
59.1. The determinant
ay ay
? = a1l — A2pA1g
Q2p Q2
59.2. The determinant
ay ax a
a ? a e alr a Q2q Qor a Qa2p  Q2r +a Q2p  Q2q
= a1 — Q1 r
» i & ? QA3q A3r ¢ A3p A3r a3p Q3q
Azp QA3q A3y

= Q152483 — Q302:) — C14(A2p@sr — 3p2r) + A1, (A2pl3q — B3pQ2)
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60.

61.

62.

63.

54.

64.1.

64.2.

65.

67.

68.

69.2.

69.3.

ALGEBRAIC FUNCTIONS

ALGEBRAIC FUNCTIONS—DERIVATIVES

dgz;z) - a‘jli; where a is a constant.
d(u+v)_d_7£ dv
de  ~ dz " dz’
dlwr) _ dv du
& et
duvw) _dw du o 32
T Yo T T
d((i:f:) = ng™ 1,
dvz _ 1
dr  2yz
d(l/z) 1
T =
dx z v@ _ ug_ﬂ
dlufy) _ldu udy _dv dv
dr  vdx vidz v

df(u) _ df(u) du
dr du dx’

dY) _ df(w) du _ d¥f(u) <du>“'

dx? du  dz? du? dx
dr(u) _ d'u dvd™u | nln —~ 1) d% d*2u
R L e TRl e
nl dky dr—*y, ud™
tot e Rttt
d aq
& f f(z)dz = f(q), [p constant].
?
d [
P f J(x)dz = — f(p), [q constant].
v

d
E_CJ; f(x,c)dx=f§cf(x,c)dx +f(q,c)z—g--f(p,c)%.
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v2. If ¢(a) = 0 and ¥(a) = 0, or if ¢(a) = « and y(a) =

then
(@) _ ¢'(a)
li .
sva¥(@) V(@)
If, also, ¢'(a) =0 and ¢¥'(a) =0, or if ¢'(a) = » and
¥'(a) = =, then
i £ _ ¢(@)
i—a¥(@) V(@)
72.1. If a function takes the form 0 X « or © — o, it may,

by an algebraic or other change, be made to take the form
0/0 or ©/w,

72.2. If a function takes the form 0° «° or 1%, it may be made
to take the form 0 X o and therefore 0/0 or =/ by first
taking logarithms, [Ref. 8, Chap. 42.]

79. General Formula for Integration by Parts.

and so on.,

fudv = uy — |vdu,

du
fudv—uv—fvd—vdv.

or
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RATIONAL ALGEBRAIC FUNCTIONS—INTEGRALS

The constant of integration is to be understood with all
integrals.

Integrals Involving x*

80. f dz = z. 81.2. [ e = g

2 n+1
8L.1. fxd:v =5 81.9. fx"dx=ni+—l, [n s —1].

82.1. f %; = log, |z|.  [See note preceding 600.]

Integration in this case should not be carried from a negative to a positive
value of z. If z is negative, use log |z[, since log ( — 1) = (2k + 1)t
will be part of the constant of integration. [See 409.03.]

5
vl
4 v
3 f"?v'
log lz] 2 '|‘ log |x|
\
1 \\\
~5 -} =3 -2NgI 0 ettt
.......... o/1 2 8 4 5
~ %
LN ([
E
-2

o -

Fie. 82.1. Graphs of y = 1/z and y = log, |z], where z is real.

dzx 1

dz 1

822. | F=-—=- 824. [ ="
dz 1 dx 1

82.3. 53‘ = — -2;'2 . 82,5, E— = — .4? .

dr 1
82.9. f—x-;, = — -(-;L_‘—_]._)Q—U”__i, [n # 1:]
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Integrals Involving X = a + bx
ba)rde = & [(XrdX = 1
83. f(a+ x) x—zf —m, [n;é— ].

84.1. f z™(a -+ bx)"dz may be integrated term-by-term after

expanding (a + bz)* by the binomial theorem, when n is a
positive integer.

84.2. If m < m,orif n is fractional, it may be shorter to use
f P Xrdy = % f (X — a)"X"dX
and expand (X — a)™ by the biromial theorem, when m is a
positive integer.

85. On integrals of rational algebraic fractions, see the topic
partial fractions in text books, e.g., Chapter II, Reference 7.

89. General formula for 90 to 95:
de 1 (X — a)y™dX
Xn - bm+1 f Xn ’

SN Y sl
= ptl 3=0('m/—8)!6‘!(m—n—s+1) ’

except where m — n ~ g 4+ 1 = 0, in which case the corresponding term in
the square brackets is

m! (— g)m—n+l
m—n+ Dl (n = DI
the letters representing real quantities. [Ref. 2, p. 7.7 Integration should
not be carried from a negative to a positive value of X in the case of log [ X|.

If X is negative, use log | X| since log (— 1) = (2k + 1)t will be part of
the constant of integration.

dx -1

log | X,

920. F‘ = m" , [’n #~ 1].
dr 1 -

90.1. ¥ = Zlog 1X]|. [See note on log | X | under 89.]
dx 1 dx 1

90-2. 72 = e ZY . 90.3. X_s _ — W .
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dz 1 dx 1
Ve x= TpxE 90.5. fﬁ—"m'
zdr 1 -1
91. X TR [ X T (n = l)X"-l] ’
[except where any one of the exponents of X is 0, see 891.
01.1, x_)c{l:c_ = EIQ[ZX—alog|X|]. [If X <0, use log | X|, see 89.]
91.2, xdx_ logIX|+g .
X
zdzx 1 1 a
3. | ¥ ~g|™x +'2’5{2]'
zdr _ 1[ 1 a1
od. | =t = 'b_2 > du 3X3]
z dx [ a
oL5. f 3T E]
2dx 1 -1 2a a?
2 )= [(n X T e = 1)X"—1]’
[except where any one of the exponents of X is 0, see 897
2 2
92.1, x}?z = Elﬁ[g — 2aX + a?log ]XI]

An alternative expression, which differs by a constant, is

;’—Z—Z—Z”+“b—§1ogia+bx1.
92.2. f%ﬂf =Z%:X—2alog x| _%2]
92.3. f%f=b—1plog 1X| +@_2"_);].
92.4. ff;gf—”=51§i—_+2xz 3‘%]
92.5. f‘”;—if=b—£i—ﬁ+3_x_3_a%].
92.6. f%ia’f=b—13i_ﬁ_3+m_5“_);].
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2%dz 1 1 2a a?
92.7. IT—F[—ZF-'_EXE_G_)EE]

r*dx 1 —1 3a
93. X "B [(n —hx—= T G o
_ 3a? + a®

n=—2)X*2" (n— DX 1] .
[except where any one of the exponents of X is 0, see 897.

roddes 17X% 3eX? 1

93.1. J X< “Hl3 3 + 3a2X — adlog IX|J

2 ax? o a®
=35~ o 4~ F <l —b—410g @ 4+ bz} + constant.
3 3
93.2. f}g’_g = i}* %2 — 3aX + 3atlog | X| + g—{]

2de 1T 3a? a

2Bde 1T 3a 3a® a®
93.4. f—=52_10ng|+Y_2—XZ+3T]'

*dz 1T 1 3a 3a2 at
93.5. fF=F__X—+-2——-2—3—+m].

2*dz 1 1 3a 3a? a®
93.0. f X Rt mT it 5—X5]’

2de 1T 1 3a 3a? a®
937, f?v“z?_—gfﬁm“s—xs'*@]‘
iz 1T -1 4a
94. X B oS T = Hx

_ 6a’ n 4a® _ at ]
n—3)x—2 " n—2X~2* (®m- X1}’
[except where any one of the exponents of X is 0, see 89].

4 2
04.1. %@=515[%—é%z{—g+6a2X2——4a3X+a4log|X|]
t ax®  a%?® d¥z | ot
=4—b—W+§B—3——-b7+5-510g|a+bx|+const.
ridx 1X®  4aX? at
04.2, —X—2=E§[—§———2—+6a2X-—4a"'log|X|—X]-
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ridx _ 1[7Xx2 2 4q8 al
94.3. —){T—Eg_—z——tlaX+6alog|X|+Y—m].

2idde 1T 602 4a® at
ous [5FF = 5| X~ talog IX| - + 5575 ~ 5 -

\ odx 1T 4a 60’ | 4a® at
045 [ 5 =5 |lox X +f—z—>@+3—p*m]'

gdy 1 1, 4o 8¢ | 4a®  a' ]
X5 T B|TXTexrT 3xF T IXt T BX6

4 2 3 4
04.7. f§ﬂ=515 1 4a  6a 4a a ]

X “F| e tie i T e T ex
2odz 17 -1 5a
9. X E | m e T 5
___to@ . 10a
m—Dx = T (n = 3x
_ 5at 4 ab ]
n—2X2" n — DX’

[except where any one of the exponents of X is 0, see 897.

05.1 f:v5dx _ I[X5 5aX* | 10a2X®  10a°X2
)X ¥ B

54 T3 5
+ 5a*X — aflog lXI]

¥ art | o &2 alz
T R i

5
- %log la + bx| 4 constant.

[Ref. 1, p. 11.]
*dr _ 1[X*  5aX® | 10a?X? 3
95.2. F—B—G_—I__?)—_I_T_IOGX
4 a’
+ 5atlog | X| +X]=
Poder  1TX®  5aX?
953 | S7=pl3 - “2 + 10a2X — 104 log | X |

5at ab .
X ' 2X?
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95.5. %f=5%[X—5along| lg(a +;g§

~ 3%+ ix)
95.6. %=51_[ |X]| + ;%+;%3

~n 5w
95.7. %@=$[_%+%_%+¥

~ 57 1)
95.8. E‘%ﬁ=$[ 2“1X2 +35§3__£§+;2§

5at

—sxs 7X7] [Ref. 2, pp. 7-11.]

100. General formula for 101 to 105:

AT ) "
I A O

-1 {'"“‘” (m + n — 2)! Xm—-1(— p)e ]

= g =0 (m4+n—s—2)1sl(m—s — 1)zm1!

unless m — 3 — 1 = 0, when the corresponding term in square brackets is

(m +n — 2)!
m— 1Dl {n — 1)!
101.1. gz _ _ 1logl—‘jgl .

zX

s [ 5 - S+ 5]
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101.3. f -xf‘% = —
101.4 % = -
101.5. f f—)fg

RATIONAL ALGEBRAIC FUNCTIONS

1 X 2br  bix?
$@P;+Y‘ﬁ%

1 X 3bx 3b%? | b3z®
z$%5+f‘ﬁﬂﬁﬂ'

1 ] )_(_i_;i@_fibﬂx’ 4b3x3_2§_4 .
87| TXY Texr T3xE T axt

Alternative solutions, which differ by a constant, are:

101.92.

J
J
J

101.93.

101.94.

101.95. f
102.1. f
102.2. f
102.3. f
102.4.

J

Alternative solutions, which differ by a constant, are:

102.91. f
102.92. f

gz
z X2
bz
z X3
dz.
z X4

dr _
z X5

gz _
2X

dz

z2X?

dx

2 X3

dz

x2X4

dz

=X
dz

2 X3

1 b X
~wtale|z|
1 1 2
"4ﬁi+ﬁa—;

log

=

R S N P4
aX a €z
1 1 1 X
= 2w T ax T S8z
1 1 1 1 X
“sx et ox T e8|
1 1 1 1 1 X
4aX* + 3a?X? + 2a3X? + &X & log z|
[Ref. 2, p. 13.]
17X X
‘@[;‘bhgz]'
11X X b2z
EJ_W%Z_YI
1[X X 3% b
a;‘W%;*ifﬁﬂ'
17X X 6b%z
PR Pl e ¢
L b,
2Xx2 3x3
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102.93. f2X3=-

where X = a - bz.

102.94. f

103.1.

103.2.

103.3.

104.1. f oz

104.2.

1 3
[2(1."’X2 Tax T T 08

it

dz 1 2
= <l b[3a2X3+2a3X2+34?+m
4
—a—slog ;] [Ref. 2, p. 14.]
dz 1[X2 X, ., |X
75 S R R 2|

e T o T Flog

b2

% ’ - constant.

dz _  1TX%* 3pX 2 X, b
ST @ |ae e B 1°gl3;l+7]‘
dz _ _1[X* 4bX . X
S lae s A
4’z bix?
tx - 2X2]'
dz 1[X3  3px? 3b'~’X 3 X
X —Ez[@_ 2 T —blogl—]
1 b b
— 3. + 2R~ o + log , =+ const.
dz _l[{”’_ _ X ebX
#X? a® |3z 222 z
4
— 4b% log XI - 2_1_’]
b B +b3—9410 X|.
4ax4 37 207 ' az &b 08|z

105.1. f S =

Integrals Involving Linear Factors

110.

110.1.

(a + 2)dz
(¢ + 2)

(@ + frydz fx
(c + ¢2)

=z 4 (a —c¢)log |c + z|.

= ?+agg: cflog le + gz).
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111.

111.1.

111.2,

112.

112.1.

112.2.

113.

113.1.

113.2.

RATIONAL ALGEBRAIC FUNCTIONS

d:c _ 1 'C-i‘flfl i
(a+$)(c+x),—a—clog‘a+x‘r [a = c].
If a = c, see 90.2.
dx B 1 ¢+ go
f(a+fx)(c+gx)"ag_cf og atfz Lag 5 .
If ag = ¢f, see 90.2.
z dx 1
(@a+z)c+tz) (a—c {alog |a + z]
— clog [¢ + z|}.
dx - 1
(d—*‘-x)»(c-{—x)? (c—a)(c_l_x)
+ 1 _1eg|2T 2]
Cc—ap “let+al
z dx _ ¢
(a+-’0)(¢+x),2 (a‘_C)(C+x)
a a+
_(a_c)zlog c+x'
{‘ z:dx 2
J (a“i'f)(“-%‘x)z (c_a)c I)
2
- -2
+ e )logla+ z] ( a)glog] +al.
dz

(@ + )% (c+ 2

z dx

(a - c)2

C+x

a+x

(a )

c+z

RCERS I

z2dx

a+c

a+x

@'

c+z

(@ + 2)f(c + 2

+

+

_I_
a_c)2<a+x C+x>

+

(%

+

(“'"c)z +$ c+x>

la+x

(a - 6)3

|c+x

[Ref. 1, p. 71.]
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Integrals Involving X = a® + x*
de "
120. f T+ tan— z.

The principal value of tan™ z is to be taken, that is,

— T < tapn-! T
_2<tan x<2

-~

-’
——————== Yt temmmmma

-1

i

-2

Fia. 120. Graphs of 1/(1 + z?) and of principal values-of tan™ z.

120.01. f = o tant 2.

120.1. % - fﬁ_‘i? - %Mn-l,z,

1202. % = 2_;)_( + .21;3 tan—%.

120.3. %“; = o +§§%{ + _8%5 tont 2.

120.4. %ﬁ = g + s+ oz * 1‘65a7 tan~t 2.
120.9. f (a? +dlf2:v"’)”+1 = 2na2(a2:i|- b2

25

+ 2n — 1 dz .
2na? f {a? + b2
[Ref. 2, p. 20.]
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121. Integrals of the form

22y
((12 + xZ)n
by putting z? = 2, become
1 2™dz
(a* £ 2)*

for which see 89 to 105 (m positive, negative or zero).

121.1. f zdz f aff‘xz = 5 log (a? + 29).

zdr 1 rdz
212, (37 =55 1213 f = -
z dzx 1
24 [ 57 = -
z dz 1
121.9. f > L [n 0]

iz 4%
122.1. f—)(— =T a tan a

122.2. %‘-ﬁf - s 21a tan-1 %

122.3. ?-;‘gsf - -—mtomt 81‘3 ton 2.

1224 %E ot 24;2)(2 + Toax * 1éa5 tan™ 2
122.9. f A —Z i [

123.1. %@ - %2 _ %2105; x.

123.2. x%’-’ = 5“;{ + %log x.

1233, [ &k 1,

X T Tax Tax
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2%dx 1 a2
1284 [ 5F = -+ 5

2dx -1 a2
129 ) oD s [ > 1]

zidx _ x3 2 3 az
124.1. fT_T?; @’z + ¢ tan =

4 2
124.2. %?; -zt 22 E”zetan_lz_

2*dx  a*x 5zr , 3 z
124-3. ——X——s— = Zfé — 8—X + g ta'n-1 _a_.

2dr _ o 7z T 1 4%
124 .4, XT T BX®  74%? + 16a2% + 1648 tan o

4 2.2 4
125.1. 15)'?2=%—a—2x—+%logX.
2 4

125.2. %d;{=%——2%{—alogX

25d. 2 4 1
125.3. “XTx=§z—fjfz+§10gX

:c5dx 1 a2 a4
125.4. —XT__._ﬁ.;_ﬁ_é_éF,

25dz _ -1 a? at
125-9- Xn+1 - 2(n — 2)Xn_2 + (n — I)Xn__l _— 2an ,

[n > 2]
[ 2%dr 2P a%P . Seg

126'1- X = 5 _3_ + a‘z a tan _‘;.

7 2,4 4,2 8

P’de 27  a¥® | o' o Y-
128-1. ~X—-.——7~ __5_+T_ax+atan a'

dz dz 1 72
131.1. fﬁ{ - fx———-—(a2 5 = 5o (___a2 it xz)'
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Integrals Involving X = a? 4 x2 (continued)
*dr 1 1 z?

131.2. j :IJ_X2 = 2_-(12X + 2—(14 log )—(-

dr 1 1 1 z?
131.3. fos“W"‘z_aTX”"ﬁk’g)_c'

131.4. fx_d)% = Ga":’lX3 + 4a‘:*lX2 + 2a%‘X + 2_i§10ng_z.
132.1. fle—;-( = - a—ix - (—:gtan’lg.

132.2. fz%%= —a_}x—%_"jx._%tan—lg.

132.3. P@ﬁ=—&%—#—p_%_§§m—1§.
133.1. f;i—gf=—2—a12?,_——2—1é—410g§.

133.2. x;l;(“’ =T Za%’av2 - 2a£X - ;‘5 log%z

133.3. x%:—i(;—xé—a%{~ﬁ%§_;’_ashg§.
134.1. f% - —3_‘112?.;_;1;.;.%5%,1«12.

134.2. f%?=—§%§+5%+%%+§%mn_lﬁ'
5. [ = - ot heg L

135.2. 5%’-(—2 =—4_&14:-02+a?1z—2+2_alﬁ_X+.2%810g§.

[See References 1 and 2 for additional
integrals of the type of Nos. 120 to 135.]

dx 1
136. f (f+ gx)(az_{_ xz) = (f2+ azgz) [glog |f+gx‘

-9 24 g2 4 Lian-12].
Zlog(a + 2% + < tan a]

a
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Integrals Involving X = a®> — x*

dz 1 14z
wo.  [55 - gle|r=s

[See note under 140.1.]

The function 1/(1 — 2?) and its integral can be plotted for negative

values of z. See Fig. 140.

] it 11
1 1!
1 1!
\ il
1 i
\ 2 1)
\ 7 i
\ !
\ t 1
s
1
[}
F 2 -4 0 f] -3
,/
/!
1 -1 I}
\ i
v\ '
W\ i
) ¥
& -2 1
I '
R 1
il i
[ ] -3 it
Fie. 140.
Dotted graph, 1/(1 — 2*).

Full line graph, } log if’; .

__fl—xz

140.01. f

dr 1 a+ br
1002 [ 5 = o o8 |
Note that
1 atbs 1 bz
mIOga—.bx—;abtanh s
and
1 bz +a _ 1 a b:c
5ab 108 =g = a5 °RB
dx de 1 a+z|.
140.1. X fm—%]ﬂ 9=z

[See 140.]

[b%2* < a¥],

[¥%? > o]
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Note:

140.2.

140.3.

1404,

140.9.

141.1.

141.2.

141.4.

142.1.

142.2.

142.3.

142 .4.

142.9.

143.1.

dz

—X—-2=

dr

F:

dr

Xt

RATIONAL ALGEBRAIC FUNCTIONS

21—71 logZ i- % = étauh"1 z. (2% < a*],
-2-5 ifg i th—lm (2?2 > a*]
[Ref. 8, p. 100, (s) and (s").])
mx + e |53
s S e b
- 6o T 2 T ok + 3 08 1|

x

(a® = b’xz)"*'l = 2na¥(a® — biz2)"

2n ~ 1 .
2na’ f (a® — bzx"’)"

Xn+1

2dz
X

zdr _ zdr o _ .2

¥ _faz—-a:"’— §log|a z?|.

x dx 1 xd:c

zdzx 1 z dx 1
-Y;—BX'E' 141.9. fw—m‘, [n#O].
o’dr a—}—x

T = -ztglelo

x”dx___x___lo a+z|

Xz 2X 4a a—z

dde oz x 1, latz]

X TIXE 82X 168 Bla—-=z

iz r T =z __1__1 a+xl.
XF T X X 16X 32a Sla—z
dz dz

2n X" 2n X

2

————— longI

2



143.2.

143.3.

143.9. f
144.1, f

144.2,
144.3.
144.4. f zidr
145.1.
145.2.
145.3.
145.4.

145.9.

146.1.

147.1.

148.1.

J
f

INTEGRALS INVOLVING X = a* — x?

31

23dz at 1
x* ~ax tglelXl
aldz  —1 a? DBdz -1 a?
T "t Wt et
23dx 1
Xt 2(n—1)X”“1+2nX"’ (r > 11
zdx 28 2 a+z|
X -3 “+‘"‘°g —
zidx a’r _ 3a at+z
X ~*taxy T lo8|g/Z|
#r_ o 5z 3 latal,
X TIXx* T 8X T16s Bla—=
a’r 1 a+ =z
= 6% 20 T 6% T 325 %8 |a = 2|
25dx zt ot
- -5 - xl.
Bdz _ 2? | at 2
F—-—2—+-§X+alog|X[.
x‘dz a? at 1
= = X+I}T2—§log[X{.
:c‘d:c__l___ a? +_¢£.
Xt 2X  2Xz U 6X°
dr 1 _ a? + at
XT3 — X2 (= DX X’
[n>2]

Gd 175 2,
2'dz ¥ a¥t  a%?
_X"“'E_T'T“hglxl

7 2 4




32 RATIONAL ALGEBRAIC FUNCTIONS

dz dzx 1 22
111 fZX “fm =58 |F =

dz 1 1 22
512 [ 05 = gag +agloe | 5|

dz 1 1 1 22
513 [ 5= g + g + g o8 ';z‘

151.4. f}% = 6a21X3 + 4a}X2 + 2(1}‘X + 2a8 log ;
152.1. f%: 'a%;;+§%31°€ ‘;:‘:i :
152.2. f%: —E}—é+§'&%{+4asl°g Zi—;:
oz fﬁ% =~ & T e T a8 e
153.1. fx‘f—;(= —Zz_l??"'él_w*log ;;
153.2. f%: _2_;@_,_%)_(_{_%1% ;;‘;
153.3. x% SR . 4a4X2 + 208 g | 2 2|
154.1. fx‘g’_(_ _%1@_&_}; 2_31_510 Z-I—z
el f (zxX T Iﬁi?‘ - 2a]‘;x2 T 24 2a6 §(2 )
155.2. fg—;p - _21_3_1@__6;?+2an +§?;;‘s10g %
[See References 1 and 2 for other integrals of the type of Nos. 140 to 155.)
0. [ e~ apop
~ Jiog |a7 - a#| - of 10g | 22 .




INTEGRALS INVOLVING X = ax? + bx + ¢ 32

Integrals Involving X = ax? + bx + ¢
dz 2 1 20x 4+ b

—_— = 2
160.01. X = VG =) tan V(o = 15’ [4ac > b*],
_ 1 o 202 + b — J(* — 4dac)
VO — 4ac) % |20z + b F V(® — 4ac) |’
[®* > 4ac],
1 T —
= =g ¢ x_’;, [6* > 4ac],
where p and ¢ are the roots of az? + bz + ¢ = 0,
_ 2 1 2ax +5b
= T I — a0 P T = da)
[0* > 4ac, (20 + b)? < b — 4dac],
_ 2 2 20z +0
YT R vy Ly o
(6 > 4ac, (2az + b)? > b? — 4dac],
= — §?¢T2+_b’ [b? = dac].
[Put 2az + b = 2.]
dr  2ar+b 2a dz
160.02. | X3 = Gac—HX Tdac -0 | X
[See 160.01.]
dr = 2ar +b 3a(2az + b)
180.03. | %% = 5dac — X T (dac = P°X
6a’ d .
+ ZZE&—Z’I')T)Q fx . [See 160.01.]
dr 2ar + b
16009. | %% = G =TDda = BT
+ (2n — 3)2a dz i
(n — 1)(4ac — b¥) J X
[Ref. 1, p. 83.]
160.11. 3% = o log | X| - iba 3’% [See 160.01.]




34 RATIONAL ALGEBRAIC FUNCTIONS

Integrals Invclving X = ax? + bx + ¢ (coniinued)

160.12  rdx br + 2¢ b (" dz
20 ) X = T -ox 4ac—b2J X
MYan 160 N1 7]
LUU\J ‘VVQVA-J
rdz bx 4+ 2¢
160.19. Yn = T T — (A — 3 oal
J ‘A \II J./ \TWU v /‘-‘-

b(2n — 3) r dzr

7 TN/ A 7 9% e
(n — 1)dac — o) j X*

,A21 ['zzdx_g__b_io IXI .b2'—2ac /‘_d_x
2. | =g gplel X+ [ ¥

rm
m
4]
9%
—t
(=3
[=]
(=3
P
LJ

2 2
16022, (& B —2a)rt+be | 2 _ (dr
J X a(dac — 09X dac — b2 ) X
[See 160.01.]
z"dz zm1 ¢ (2™ %z b [z ldx
10027, | % =@m-De a) X ‘E_f X

&

m m~—1
16028, [ _ _ @
J X* @n — m — DaX*

(m—1ec (2 z _ (n—mb 2™ dz
"en—-m—1)aJ X* 2n—m—1a) X"~
[m=#2n—1]

160.29. When m = 2n — 1,
v o 2n—14,. 1 ™ 2037 n /2037, h A A2n—200
D. ¢ aJ X1 aJ X a X»
ik o) r.d A 4 463 T
LRef. 4, p. 143. ]

2
161.11 o _ L1 Z_b[& [See 160.01.
JzX 2°X 2J X
 dz 1 b dx 1 dx

* dz b | X
161.21. jﬁ—@logl? -

1 b — 2ac (*dx
cr 2¢? X’
[See 160.01.7]

dr 1
..... T J X" = (m . 1)me-—1Xn—1
2n+m—~3)a (¢ dx (n+m—2)b dx
T T m = e J 22X (m — 1)c J zmiXn?
(m > 17.




165.01.

165.02.

165.11.

165.12.

165.21.

165.22.

165.31.

165.32.

165.41.

165.42.

165.51.

165.52.

166.11.

166.12.

J
J

&5
J

INTEGRALS INVOLVING @® =+ * 35

Integrals Involving a® - x®

dz 1 Io (a + z)*

2r —a

tan!

1
e+ 2B 6a? gaz—ax+:v2+a2\/3 av3

z 2
T T R v f

z dz 1 ot —ax + 2?

1

dx

P

tan~t Z—a,

a3+x3=@log (a + x)* +

zdx  _ 2’ + 1
@ FB)? 3a(+ %)  3d° f

2
dr 1 )
@+ 3@+ )
’dx 3 dz
R e
*dx -z 1

a3 av3

zdz

E+ 2

[See 165.01.]

@ror @ T3) dFe

J

J
J
J
J

dr 2 zdz
¥ 2 —af—-————

[See 165.01.]

[See 165.11.]

hdr zdr

@+or 3@ +:c3) fas Ny
[See 165.11.]

5d. 23
ik og la* + .

ddr at 3
T = s talele +
_ 4 _ 1, _x__l
z(a® + 2% 3a® BIBFF 2

dz _ 1 n __1_1 z8 .

2@ FPe @D 3a B |d +‘13|
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166.21.

166.22.

166.31.

166.32.

166.41.

166.42.

168.01.

168.02.

168.11.

168.12.

168.21.

168.22.

168.31.

RATIONAL ALGEBRAIC FUNCTIONS

do 1 1 z dx
fm B ”E"ﬁfm' [See 165.11.]
_ e X T
J xz(a3 + x3)2 aﬁx 3a6(a3 + xg)
B %ﬁf@%- [See 165.11.]
r dz 1 1 de
J #@+25) 282 &) &+
[See 165.01.7:
dz _ 1 :1:
f 2@+ 22 252 365(a° + %)
”3—5,;6 f—_asdjxs' [See 165.01.
dz ——1+L10 a3+x3.
zi(a® + 28) - 3ad23 3a° 2 pe
dz 1 1
f @ F P2 387 3d@ + D)
2 @ + 22
+ g-(;glog |
Toa a2+aa:+x2+ 1 tap-1 22T QO
f @ — 2 6a (@ — z)? &3 an ey
b = s o [y
f (@ — 2% 3a¥(a® — 2%) 3a3f P R
gdr 1 @teta? 1 a2ta
@ -2 6a log (@ — z)? mtan av3
zdr 22 1 vdr
@ — 22~ 38 — ) 3a3f__a3 —
2z 1
fm = —zlog [&* — 2.
gdr 1 .
f (@ — 22 3@ —2)
f aff—:vxs = -z + a3f aad_xx—a . [See 168.01.]



168.32.

168.41.

168.42.

168.51.

168.52.

169.11.

169.12.

169.21.

169.22.

169.31.

169.32.

169.41.

169.42.

INTEGRALS INVOLVING @® 4 x8 37

r’dr x
(a® — 232 3(a® — 29) & a3 — :1;3
[See 168.01. 7
4
f afiixxs =—-3 + f z d” . [See 168.11.]
zidx - x d:c
(a® — z°)2 3(a3 — 2 3 f
[See 168.11.
_@_—____9_10 a8 = 2| )
f & — 2 3 g z
z8dzx at 1
f(as — = 3(0,3 —2) +§1°g |a® — 27|
4 _ 1, __.@3__
f z(a® — 2°) 3a3 R P
dx = 1 + ._]_'- 10 __L .
f z(a® — 252 3ar3(a3 — :c3) 36 % |F -
dx x dx
fm = - 01355 + =3 [See 168.11. :I

__dz
f :c"’(a3 — xa)z -

e -

A
f 173((13 —_ xs)z

J 7= -

Jew = = -

1 2? 4 z dx
_t_z“—x+3a°(a3—x3)+?ﬁfa3-—x3.

[See 168.11.7]

2a3x2 T f &~z
[See 168.01.]

1 z
2a8z? + 3a%(a® — 2%)

5 dx
+ gaéf 63—-:—:;5 N [See 168.01.]

3

x
3a3:1:3 + 3a6 log 22|
1 1
3a%2? + 3a8(a® — :1;3)
+ 3a9 log — 22|







INTEGRALS INVOLVING x1/2 39
IRRATIONAL ALGEBRAIC FUNCTIONS
Integrals Involving x'/2

x\"+2) /! 2.

2
/2 =
180. fx’d:v y

180.1. fx“’dx = f Yz dz = g:ﬁ”.

fxs’zd:c = %xm. 180.5. f:cmdx = ;x”’.
dx 2
181, f o=~ e
dz 2
181.1. f 172 f —= = 2712, 181.3. m = - ;1/—2
dz 2
181.5. h=— 5o 181.7. f <A 515/2

[Nore.—Put = = v2, then dr = 2udu.}

1/2 1/2 1/2
185.11. f v ide _ 2¢ -—-2—atan—1bx7°

a? 4+ bz b? b
12 12 2,1/2 3 1/2
185.13 f 2%z 2 a3 2a°c 2a®, bz

2tz 362 B BN T
224 22 1 _, bt
185.21. m = - _bz'(az T bzx) ta -
22 OB/2 3a22l/?
185.23. f (@2 F b2 B¥a + b%r) + b*(a? + b%x)
34, b
g

_ 2 tom b:z:”z
f @+ o022 @b g

dx _ 2 2b, _, bat?
186.13. f s o R

12 1/2
x 1 bz
= — tan—! -

f (a® + 1;2:1:)21:”2 "~ a%(a? + b%) -

186.11.

186.21.




40 IRRATIONAL ALGEBRAIC FUNCTIONS

186.23. - 2 SO i i
f ( + b2$)2x3/2 a2(a2 + b2x)xll2 a4(a2 _+_ b2z)

12
- ?-’f,—’ tan—! b7,
a
e 2?  a a + bxl/?
187.11. f T =~ T plog |
P 22% 2% | o a 4 bat’?|
187.13. fm = T3 T TR + —b—slog 7 — bl
1/2dx x]/? + bLL‘U2
187.21. f (@@ — 022 b¥a? — bi) 2ab3 log a — bzl
P 3a%Y — 2% 3a a + bz!/?
187.23. (@@ = bz b a® — b%2) '2’?,10 7 — b2 |’
dz 3 1 a + bxll2
188.11. fmx—m =2 log 7 — bri
de a + b2
188.13. fm = a,lelz + o2
22 1 a + bzl
188.21. @ = bzx)gxl/z = a(a? — b2r) + 24 10g a — bril?
—9 3p2 L2
188.23. f (@ = b2x)2x3’2 = @ = ba)s + a*(a® — bi1)
3b a + bxll2
t o 08 | g
e -1 z + ay(2z) + a®
189.1. fa4 T2 = 2av2 logx —av(27) F &
1 4 a\/ av(2x)
+ogp bt
2
1802 dx i log & 4+ av(2z) + a

(@ F D2~ 2032 pL avy{(2z) + o?

1 -1 0V (2x)
+ ) tan™ ——— p
212z _ 1 a + Z12? 1 a z12
189.3. fm = E‘—zlo P Etan 7
_ a + x1/2 1 1 1:1/2
189.4. f m = 2(13 IOg 11/2 —+ 5‘5 tan a

[Ref. 4, pp. 149-151.]



INTEGRALS INVOLVING X2 = (a + bx)V? 41
Integrals Involving X\* = (a 4 bx)2
2%z X~ (X ~ @)X
190. Xz T pan f - xez [g > 0]

Expand the numerator by the binomial theorem, when ¢ is a positive
integer.

' dx —2 dzx -2
191, Xp/2 (p 2)bX(p 2)/2 191.03. X—_s/—z = _b-Xl__/i.

dx 2
191.01. f xm = 3XE 191.05. f < 3bX3,2

zdr 2 -1
191.1. Xz = b“z[(p —HX@DIn + - 2)X(p—2)/2]

zdr 2 /X%2 \
191.11. f = (—3— - aXl’?)-

z dz 2 a
o, (25 =2 (Xm + W)
zdx 2/—-1 a
o115, [ 255 =2 (Xtﬁ + W}'
R zdzx 2/—1 a
101.17. fym- - 5§<3X3/2 + W)
z2dzx 2 -1 2a
191.2- XP/z = 53 [(p - 6)X(p_6)/2 + (p — 4)X(p_4)12
a2
- @—_”Q)—X”m] :
22dr 2 /X582 9qX3Ie
izt [T =2 <_5_ St sz).
22z 2 /X3 a2
191.23. f =2 <.3_ — 20XV — 3{‘1/'2>

~ e 2 2a a?
191.25. f—fs—,é =5 <X”2 + Xiz 3—_X3/2‘> :

’dr _ 2f &
191.27. ‘[‘sz 5:; X1/2+ X3/2 X5/2>.




192.13.

192.15.

192.17.

192.2.

192.21.

192.9.

 dz _ 2 1 dr
J X T p = 2 exe T EJ X DR’
M > 171 TRef 9 n 05 1
Ll\’ - LJI LLUUL. H’ P. \I‘.J
de 1, [X'?— a2 Foen Vo
J ZX12 = anztvs | X112 | gif2 l’ Lé ~ Y, A »vj,
9 . XV _ o
=T an tanh™ —57z le > X > 0],
9 X2
=T an ctnh™ oz’ [X >a>0]
9 xV2
= (= o ta (— ay2’ [e<0,X>0]
[Put X2 = 2. See Nos. 120.1 and 140.1.]
 dx 2 1 r dx
J X T gXiR + EJ X [See 192.11.]

2

2

dr

{‘ :v?(a;” =

v

2

1
3aX3/? + a2 X2 + @ | zX72°

2

[See 192.11.]

2 dx

dz
f X’

5aX5/2 + 302X3/2

1
ta ) e
[See 192.11.]

-+

as X} 12

* dx -1 pb [ dz
f X = gzX @Dk T o f —xon- LRef.2,p.94.]
dz . CLE dz
ZEXI = I %er [See 192.11.]
fd =1 3b 3b  dx
J X2 T qrXy:  g2xXwe QEzJ Xz’
Yoo 102.11.7
LU\J\J 5’“.“0_’
dr _ -1 5b 5b 50 [ dx
J 22X T qr Xt T 32X T B#X1E T 058 J <
[See 192.11.]
dx - — Xz _ 2p — 3)b {‘ dr )
J X" (p — DazP?  (2p — 2)a j 27X

[Ref. 2, p. 94.]



INTEGRALS INVOLVING X2 = (a + bx)'? 43

2X (»+2)/2
. p/ d =
193 f X7'dy ) 2)b

/2 5/2
193.01. fX“zdx = Xs . 193.03. fX3’2d:c =2§b .

+0/2 (+2)/2
103.1. fomdx -2 <X" _ aX® )

p+4 p+2
{X512 aX3/2\

....... [ =z = (% =)
193.13. f 2 X%y = B%(‘X;m _ .‘!?_gi’f)

193.2. f PXPdr = <§f): 2"1)}(_(:*:'2 + “2;(:*2'2).
193.21. f 22Xy = o (ﬁ - 21?'_3 + ‘f_gX_Wf) )

{2 pl2 (p—2)/2
104.1. fX dr _ 2X% +af§%—@- [Ref. 2, p. 91.]

z P
194.11. f X xdx 2X12 + g f e [See 192.117].
X3y  2X32 dz
194.13. f = = E e poaxv g [T

[See 192.11.]

Xo2dy  2X°? | 2aX3? dz
104.15. f p = 5 + 3 +2a2X1’2+a3f;X—1,2'

[See 192.11.]

XxXr/2g X(p+2)l2 b pl2

104.2. f sy dex.
XV2dy

19421, f S = - f S [See 192.11.]
Xy  (2a + bx)X2 B dr

104.31. = — L f e

[See 192.11.] [Ref. 1, p. 105.]
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Integrals Involving X'? = (a + bx)'2 and U2 = (f 4 gx)'2
Letk = ag — bf

b
ey dz L[ eXY [o>01
195.01. J YRR =y bg) tan \/\ i lg<o0]’

_ =1 . _ 2bgr 4 ag - bf b>0]
‘?/(—b)sm bf—ag ° lg<ol’
V(b)IOg IV (X)) + bV U], [bg > 0].
* dx 2 ., gX\2
195.02. XET = V(= kg) tan—t V(= Fg)’ [kg < 0],
1 Xl/? \/ (kg)
= kg > 0].
Y (kg) log I: g ]
dz 2X1172
195.03. ) W = - W'
Ul/?d X1/2U172 k d .
195.04. i = =5 — — 55 | smgm [See195.0L.]
Urdr 2 Ur 4z
w509, [LF = ot (X P — nk f - )

106.01. fX1/2U1/2d k “*_l;bU;’(mUl/2 8b fX1/2U1/2

[See 195.01.]

odx X2y ag + bf
196.02. XRgE = by 2bg fX1/2U1/2
[See 195.01.]
dx
196-03- Xl/—2Un

1 xe )
-~ (-3 [ et
1 Urdzx
196.04. fX”zU"dx = m (2X1/2Un+1 + kfw) .
[See 195.09.]

X\2dg 1 -Xl/2
196.05. . n ~ 1)g <—' Un—l 92 fxvﬂUn-—-l)

_Sf@)dz
197. IR D) ff (1 — bu2) 1- buz)
where u = z/V(a + ba?).




INTEGRALS INVOLVING r = (x* 4 a%)1/2
Integrals Involving r = (x* + a?)12

dz dx
200.01. f i f m = log (z -+ 7).
Note that

log <x ;I— 1‘) = sinh—lg - %log <r + x).

-5 -4 -8 -2 -1 0128455
-1
tog {z+~(="+1)} =%

F16.200.01. Graphsof 1/v (z2 + 1) and of log {z + « (2* + 1)}, where z is reai.

dr 1z
20003, [ 5 =257
dx 1]z 12°
200.05. f’ﬁ‘;}_;‘grs]'
dzr 1 fz 222  12°
200.07. T‘Eﬁj‘ﬁ;ffg'ﬁ]'
dr 1[z 32, 325 147
200.09. 'ﬁ—a's‘_;—z‘;?ﬁsﬁ‘i’ﬁ]'
dr 1 fz 428  62° 42 | 127
20011 | m=gm|; T3t EE TS §?9]'
dr _ 1[z 52 10485 1047 52
200.13. fm‘m_;—§ﬁ+€;‘s—7?+§;é———
de 1 [z 62, 1525 202  152°
200.15. fﬁs—aﬁ_;—gﬁ+’57-s“77 9P
6 2
1A
For 200.03-200.15 let
2 z adz
P2 then dx

“Ftae’ ST
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201.01. x—f—x = 201.05. f”ir!ff - 3_1rs
201.03. f—r‘iﬁ - - % 201.07. f;‘f_x. - - 53__5
201.9. f A o —11)r2p—1'
202.01. ?—2;2 = g - -a;log (& + ).

[See note under 200.01.]
202.03. ‘f—i’é’f = — 3;- + log (z + 7).
202.05. f””—?—’ = 3—1@§
202.07. f xi‘fx = 51-4 %g - -;75]
o, [ 11222 027]

2%z 107128
202.13. f‘TI—s— = &E [5?3 -

4
5
22z 1 [12* 52° , 1027 102°
mess. (5= Glih -t TR0

203.01.
3 2
203.03. fﬂ-’f =r+Z.

203.05.



203.07.

203.9.

204.01.

204.03.

204.05.

204.07.

204.09.

204.11.

204.13.

204.15.

205.01.

205.03.

205.05.

205.07.

205.9.

INTEGRALS INVOLVING r = (x* 4 a¥)12 47

’dx

!

’dz

24z
5

s
[ %
iz
[
ridx
/5
s
[ %
ridz
J&=
f ridx
5
f zidr
r15

e
r

Pdz
5
25dz
S5

2dz

7

Pdz
J -

1 a?
3+ 5
1 a?

@p =3y T Gy = D

%—ga%r—f—ga“log(x-f—r).
[See note under 200.01.]
2
£2-r+a—:—gazlog(x+r).
12°
—;—§?+log(x+r).
12,
5a® 7
11128 127
at|5r T
#2410
a5 T g
L1 34 32 10,
A5 7977 99 111
1M1 47 620 a8 18]
a® 57 7477792 11417 13483
B2,
—-—5—§a1“+a“r
o .  at
-§—2ar—;-
20 ot
Ty T
1, 22 af
“rteE T

1 4 2a?
@p — 5y T (2p = 3)rr

at

R
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206.01.

206.03.

206.05.

206.07.

206.09.

2006.11.

206.13.

206.15.

207.01.

207.03.

207.05.

207.07.

207.9.

IRRATIONAL ALGEBRAIC FUNCTIONS

2y _or 5, o 6
- =% ﬂaxsr-!— atzr ——alog(x+r)
[See note under 200.01.]
bde  2* 5a%® 15a%¢ | 15 ,
f7*5—§7‘§7+§“°g(x+’>-
2dr 2 | 10a%® | 5a'zr 5 ,
= Tty tgm —gdlel ).
2°dx 237° Ta%® a2
T T IBs 3 s o Tleldn
2bdz 1 27
el Pk
Ads 11212
fru a7 9
Sdr 112 22 1at
fr“’ T T T 9 T 11
gde 1[la’ 32 320 1297
f B @77 90 T 11 138
R WL SR S
—=5r -z 75+ ar3 abr.
dr 1 ., 3 o
gde 1 .. 3at  d
JE e -Tag
r'dr +§c_z_2 3a* | &
ST T TR TR
gdr 1 i 3a?
f rio+l @2p — Ty (2p — 5)rr®
3a at

- =

2p — Dr#-t’



INTEGRALS INVOLVING r = (x2 4 gt~ 49

dz a+t+r
221.01. f fx\l(xz o) EIOg p
Note that
- llog atr|_ _ lcsch"1 o= - 1sinh—1 g
a x a al a
__ 1 T+ a\.
T 2a log <r - a)
The positive values of @ and r are to be taken.
v]*}
-3 -2 ~1
\\
\
\
v
i
1
1
1
R}
Fia. 221 01.
Dotted graph, MT‘*‘-I—) .
Full line graph, — log -l-—i‘l(szt—Q '
dr _ 1 1 a+r
221.03 f zrt  a¥r a31 z
dr 1 1 1 a+r
221.05. J zr®  3a¥? T T gl
dr 1 1 1 1 a+r
721.07. fxr" “5as T3an T T gl
dr _ 1 1 1 1 1 a+r
221.09. f o = 7ar T has T3gn T T o8|
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222.01. — = = .

dr 1/r =z
222.03. fﬁ"-E*(E*'?)'

dz 1 /r , 4z 622 425 o7
222.09. f;"- “5%(?7‘573 B w)
dr _ r 1 a+r
223.01. x—31" = '2a—2x2 + 2(13 log .
As in 221.01, we have
log g +T' = csch! f, = sinh“llgl
a x
_1 rt+a) .
h 210g (r - a>
dr _ 1 3 3 a+tr|
22303, | 53 = T g oo T 20 %8|
dr 1 5 5 5 a-r
223.05. f 2T T 2R Ga T 2o T ad BT
dz 1 /r 1
224.01. o g <; - %—3) .

dx 1/z , 2r 1
224.03. fxTrs - ES(TFZ _373>.
224.05. f Ees(-5

IOI 222 and 22 17 put
2 3
" = 2

then
adz

dz = a =2



INTEGRALS INVOLVING r = (x? + a?)'/? 51

dr _ T 3 r 3 a-+r
225.01. or - dat 3 8 aiz?  8db log z
[Ref. 1, p. 121.]
‘ dz _ 1 5 15 15 a+r
225.03. e B P + S8atr?r + 8afr ~ 8a? log z |

[Ref. 1, p. 124.]
dr 1 23 P
226.01. fﬁ—?{(—_"'e.xs 5x5>.
dr 1 z 3r , 3 1
226.03. fﬁ_a‘s(_?_?+§?3_5_x’5>‘
2
230.01. frdx =Z+5lgG+n.

As in 200.01, we have

1 g<x+r> —smh‘lg = esch—1-
_1 r4zx
_§log<r—x>
1 .3, .3,
230.03. fr"'dx=zxr3+§a:cr+§alog(:c+r).

230.05. f r’dz = (15 2’ + a2x7'3 + a‘xr + a“ log (z + 7).

231.01. fxrdx =

c:!‘& ool L,

231.03. f:vr"dx =

2p+3
231.9, f zrirtidy = e
P
H 2 4
232.01. fx2r dz =T 2T _ T o (z + 1),

6
232.03. fx’r‘d:c = — — — %log (x + 7).




s 3,.2p+1
233.9. fxr dz 3 + 3

atxr

2,..3
4 g o, e
234.01. fxrdx + 16

a6
-+ 16 log (x + 7).
As in 200.01 we have

log (a: jr> = sinh“lg = csch*lg-
_“110 r+x>_
B RAV T

4 _9_7_5_@ a‘zr®
234.03. fxr’dx g 16 + 7

log (z + 1).

7 3 4
S dp = T 20T QP
235.01. f:vrdx % 3 + 3

9 2,7 4
Sagp = b 200 ohr
235.03. f 2or8dx g 5 5
iadl a2 gl id

PR TR R TR
a-+tr i

235.9. f 2or2etidy =

241.01. = = 7 — glog

[See note under 221.01.3
3
f@——-{—azr—a"'log a;}-r .

f@_._-l-ﬂf-{_a‘ir_ 5]0(7 —:T

ridx _'r_
= 7

ar®

+%

+—— + a¥r — a"logla::rl-




242.01.

242.03.
242.05.

243.01.

243.03.
243.05.
244.01.

244.03.

244.05.
245.01.
245.03.
246.01.
246.03.
247.01.

248.01.

INTEGRALS INVOLVING r = (x* + a?)'2 53

rdz

~ It log (o )
[See note under 200.01.7]

xr + g a?log (xz + r).

[See note under 221.01.]
atri

4= azr——a3lg a—l—-r

~ -l tle .
[See note under 200.017.

2,3 2
—-%?— a,1'+ + a?log(x+r)
_r __r + 1 a-l—'r_

47t~ 8aZz® ' 8a® z

r3 33 3r 3 a+7r
_Ixz—ga2x2+8a2 8 %"z |
3 (2 1
50223 \3a%2 ?

v

5a%z®

- __r _|.__"_____l_10 atr],
6 " 2ot T 1602 168 °| =

(1, 4 _§_).
7a%2® 27 Ba?? 154t




54 IRRATIONAL ALGEBRAIC FUNCTIONS
Integrals Involving s = (x> — a®)12
dz _ dr _ 2 .
260.01. f . f__—-—w/(xz T = log |z + 51, [22 > a?].

Note that
z-+s

a

log po =

_1 z 48\ _ T
= 2log (—————_ s) = cosh

The positive value of cosh™t|z/a |is to be taken for positive values of z,
and the negative value for negative values of z. The positive value of s is
to be taken.

‘

Fra. 260.01.
Dotted graph, 1/y (22 — 1). Ful line graph, log |z 4+ « (z2 — 1)].

26003, [ &

dr 1
260.05. ol a;l:

dz 1z 228 14
260.07. ?"‘E[§‘§§+5§]

de 1z 3z 325 127
260.00. f?":{s[g"g}*’g;s‘—fy]'

260.11.

de 1 [z 52 10485 1027 |, 52° 124
260.13. fgﬁwaﬁ[-_ggﬁgg___Jr _____ ]

s 78 08 1161

d_x=__1_[x_§_xf 1525 2047, 152

3 3R TESF T TET YR
6 1 1 :c“]

260.15.

TIIS T I3R)



INTEGRALS INVOLVING s = (x? — a?)i®? 55
For 260.03-260.15, let
2# = 5,—’3-&;; then dz = -(-z-;__—a—;t)zm .
zdr _ zdr _ 1
261.01. [ 2% - 261.05. f -
zdr 1 zdr 1
26103 [ZF= -3 261.07. f -
. z dx 1
261.9. e T
2, 2
26201, [ Z% _ 3; + % log |z + s].
[See note under 260.01.]
* x2dx z
262.03. j 2 =~ 2t tog |z +sl.
z2dx 1 22
262.05. f’ss_ - - 55
22der 1122 1428
26207 | 7 =G [3‘;3 - 3’;5]
z%dx 1128 225 1427
262.09. | =g = [:»‘,zs "5 +7;7]-
22dx 1[12® 325 827 12°
262.11. f—sﬁ‘ =@ [:o;;a “Es Ty ";;:;s]'
2%z 112 428 627 42° 1 21
s [EF = -G [5h 55 tis o5 i)
z%dz 1 122 5258 1027 102°
26215, [ 55 - z.r[w BRI AREEEY;
5zl 18
a5 -55)
oo [P S
2
263.03 ff@.:s_‘i
$ s
rax 1 a?
263.05 f_ss“ --1_g




56
263.9, f
264.01. f
264.03. f
264.05. f
264.07. f
264.09.

264.11. f
264.13. f
264.15. f
265.01.

265.03. f
265.05 f
265.07

z3dx

g2+ -

iz

$

s
s

zidz

IRRATIONAL ALGEBRAIC FUNCTIONS

1 a?

_ s
T4

+§a2xs + gaﬂog |z + s|.

@ =3 T @p ~ D

[See note under 260 61.”

__ %8

ax | 3
5 ——'S—-{—Qa?loglx-i—sl.

z 123

55t lglatsl

11824 147
RN O A AP AL I
_ 112 3aT 328 1a"7
TB|5® T T TTeY T 1St
~_A[la® 44" 62° 4"
T 5® T TP 11
_$,2, .
-5+3a83+as
_33 2_9;1
—§+2as 5

_w
=S¢ s 3s3
~_1_27 o
T s 38 B8
_ 1 _ 2a?
T (@p = h)s®s T (2p — 3)s23

1 :1313
+ﬁ@]

at

TG =D



INTEGRALS INVOLVING s = (x? — a?)'2 57

6
266.01. x—gf=%+ T a4xs+—a610g|x+s|.

[See note under 260.01.]

2fdz 2 | 5a%® 15a'z , 15
266.03. fT_Is+§T_—8——:S—+—8—aIOng+SI'

6 23
266.05. 2@2=£_Ea_£+§asf+ a?log |z + s

266.07. f%=‘%§+%f§—%+l%lx+ﬂ
266.00. ””_Z‘;’f - _%‘_2%: .

266.11. f?:?—lx=al-4[%§;_%’siz]

266.13. fx—:fff=—alé[%§_§§;+l_11§_ﬁ].

2dx 1 [1ax" 3a° 3 1 28
266.15. f?r—‘s[f?—ggﬁﬁzﬁ—ml‘s]“

@ _ 17,3 25,3 4 6
267.01. 5 -—-78 +5as +3as -+ a®s.
267.03 @—ls5+§a2s3+3a4s—a—6-

e f $ 5 3 8

dde _ 1, 2 _ 304 _ a&
267.05. f—ss— == ?—)s + 3a®s p 35

2'dx 302 30t o
267-07. -—s—,i—=s—'T'—'§S—3‘—§sg'

z'dx 1 3a?
267.9. g T T @p — T)s#7 - @p — bysr3

3(14 a,6

T @p - 33 (2p — T)se 1
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dz dz 1 a 1 x,
1. - —_— ————————d. TSt u._l ] == = —1 ol
281.01 f g, fx\}(xz =& a cos x' - sec al
[2? > a%].

The positive values of s and a are to be taken. The principal values of
cos~! |afz| are to be taken, that is, they are to be between 0 and =/2 since
|afz| is a positive quantity.

= | uf?
[ i
|
| 1
|
i
=i, i 0 1 z 8
\\\ : 1
\ I -1 |
A l
vy |
t 'l
1 -2
Fig. 281.01.
Dotted graph, NS
Full line graph, cos—! :_z:l_l .
28103, [& - _L_ 1. gl,
oty a’s a x
dx 1 1 1 a
9 gz _ L 1 .1 el
281.05. xs 3a’s® + a’s + P b
dz _ _ 1 1 1 1 e
28L07. | 5= — g o — o — - cos x’
dz 1 1 1 1,1 al
. . —— = e — - — — 0 -]
281.09 f s Ta2s + ] 3455 + s + P €o8 z
282.01. ffl_f -5,
2% a'x

dz 1 /s =z
282.03. fszB_“Ei<5+§>‘

dz 1/s 2z 2
282.05. f;zgs‘;e<5+;—§§)'



INTEGRALS INVOLVING s = (x* — a})'/2 59

dz 1/s 3z 32 2o
282.07. ""‘"(5"'? 333+5s5>

4 7
282.09. fdx=-1-(s+‘.1£_.6f 915_1).

P\ T T TR TR T

dr _ s 1 e
283.01. sz = m + éagcos bl I

[See note under 281.01.
28303, & - L _ 3 _ 3 cs)9.
e TS 2a%x’s  2a%s 20 l:cl

dz _ 1 5 5 5 e

283.05. | 55 = 2778 ~ baie T 2a%s T 20 O xl

dz 1/s s
284.01. f—;\; = (5 - W)

dz 1/z,25 &
284.03. f@"&'ﬁ('g"‘?“g?)‘

» 3z, 3 &
284.05. fg—ss_zg<—3_ss+.;+;_§;3).
For 282 and 284, put

z2 —ads
22='8—2; then dx=(z—2-_—l)m‘

2
290.01. fsdx = :%s — %log |z + s|. [Seenote under 260.01.]

290.03. fs3dx = %xs"’ - gazxs + %’a‘lcg lz + s|.

290.05. fs5dx—lxs5— 5

8 a2xss+ a4xs——£a610glx+s|

3
201.01. f zs dx = % 201.03. f zsdr = -sg

2p+1d szp+3
291.9. f TS r = m .

zs° axs

4
292.01. fx"’s dz = T + = %—log |z + s].

[See note under 260.01.]
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5 2008 4 6
292.03. fzﬁs?»dx=%+“—2Z—8—91?+%log{x+sf.

ob 243 =

r . s R s a’s®
293.01. stdx—3+ 293.03. jx“sdx=7+ .

93 s 2p+1d 82p+5 a2s2p+3
293.9. fxs x—2p+5+2p—|-3'

3.3 2ol 4 6
4 _2¢  a%sd | a'zs o
294.01. f s dr - T R 6 T 16 log |2 + s].

[See note under 260.01.]
25 alrs®  aqlasd 3
4.3 — el —e — 2 a8
294.03. f:csdx == + 16 + 64 798 @08

3
+ @aslog |z + s].

2
205.01. fz5sdx=—+ “54_?83_.
2 4
295.03. fﬁssdx__ 2a%" +“5_35.

2p+7 2a2s2p+5 als?r+3
- 520y — S :
295.9. fxs dz 2p+7+2p+5+2p+3

sdx

301.01. — = —acos™ z' [See note under 281.01.]
3 3
301.03. .S% = % — a2 + o cos—t %l )
5 5 2.3
301.05. Sxﬁ = % - a—;— + ats — & cos‘llzl
sdz _ & a¥ | ald 4]a
30107, (£ =%~ 5 4 58— s + o oot |
sdx s
302-010 '*;:2—= ——a;—,—log,x_’_s[.
[See note under 260.01. |
s*dx

302.03. — = ——+ xs—§a210glx+s|



INTEGRALS INVOLVING s = (2 — a%)12 61

5
302.05. Exde=——+—xs3—18§a28+——a410g|x+s[
sdr _ ala
303.01. = = 22;2 + 5 €08 xl
[See note under 281.01.]
sSde & 33 3 e
303.03. f’xT = —g3+5 —jacos El'
sfdz 2 s 1la
303.05. el a;2+ g — —as-i— a® cos xl
sdx $
304.01. = 33
Sd. s
30403. [ F = — 55— = +log |z + 5.
[See note under 260.01.7]
sSfde _ a’* | 2a% [ xs 5 ,
304.05. g —§;3+—5—+—2——§a 10gl$+8[.
sdr _ e
305.01. f 5 = 42;4 + =5 8a2x2 + 7 b ;’-
s*dz s 838 3s,3 _la
305.03. f . i Ty gt g o5 |2
sdz $ /1 2
a06.01. [ 2= _S (= 4 2).
00.01 f 28 5q7%23 (:c2 + 3a2)
dz &
306.03. f -
sgoror. [SE__ S 4 8 I SUORY |
o z 62° * 24a%* ' 16a%? ' 1605 % |Z|

sdx £ /1
308.01. ?“W(F+W+T5?>'
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Integrals Involving t = (a* — x%)'2
de _ (__de . 4% s o 2
320.01. f 7 _f«/(a"’—-aﬂ) = sin~ =, [2% < a?).

The principal values of sin~! (z/a) are to be taken, that is, values between
~ x/2 and #/2. The positive values of { and a are to be taken.

93
fy 1l
A PR
{‘\ ;ﬂ'
1 I Ik
Ty S
Lsi’n"w
L
- 0 M
-1
T
3
-2
Fia. 320.01.
dr 1z dz 1z 12
320.03. f’z?"aﬂ”i' 320.05. fﬁ_;ﬁ[t__ygﬁ].
dr 1z, 22 12°
320.07. f7=$[{+§_t§+_5_?].
dr 1z 32 82% 147
320.09. fﬁ"§[2+§73’+5“{5+?7]
dz 1 Jx 42 625 427 12
soat [E= | r3brss it e
de 1 [z, 52%  102° 1027 528 1 4
320.13. fﬁ*aﬁ[ﬁg?ﬁmﬁ?ffmﬁmﬁ]'
de 1z, 62°  152° 2027  152°
ots. [E =i t5E St Tt e
6x11 1x13
T Ié“tﬁ]

For 320.03-320.15 let
z? adz

z’=a,*z,; then dx=m'




321.01.

321.03.

321.9.

L4
[
E\)
(=]
ey

322.03.

322.07.

322.09.

322.11.

322.13.

322.15.

323.01.

323.03.

323.9.

324.01.

324.03.

INTEGRALS INVOLVING ¢ = (a? — x?)12 63
?—@2=—t xdx__
t ' 368
zdr _ 1 zde 1
f = 321.07. f—z,-—_gtg.
zdr 1
f gr+l — (2p — D)2t
[‘xzdx— xt_l_aznh,—lx MQon nate 13ndas: 220 01 7
= —2‘|?mu z‘ [LPTST LULE UlUCT o4V.UL. |
¥z =z Y d 1 28
f B =—t—Sln1a’-' 322.05 f?%:é?—ts.
dde 112 12
B ER
2dx_1—19:3 225 147
f —56_573+375+77]'
g’dx  1[12® 325 32"  12°
S slss 51T e%)
'y 1 [1a® 425 627  42° 121
ft“" —m[§?+5?+77+§79+1‘17u]
2dr _ 1 J12* 545 1047 | 102°
ft“‘ -aﬁ[§?+323+77+679
5 xl]. 1 xlS
g s +ﬁ'tﬁ+I§?5]'
rar _ L _ g2
f ; 3 a’t.
odr a? z°dzx 1, a®
f =t 323.05. 5 T+t aa
?dr _ 1 + u?
f 2ol T (2p — 3)t2p—3 (22) __‘“1'),:21:—1
4
_av_;i_x= —?—g—a2xt+—a4sm_1—
[See note under 320.01.7]
'dy _xt a2 3 , . =z
g -2 Ty TgesnTy
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324.05, %‘fﬁ=_%+%%+sm_1~

o, [ 4% 2312017
324.11. f%:alé[%?-i_;%_*_%:?]

S R

325.01. xzﬂ=_t5_5+2“T2t3_a4,_

325.03.

325.05.

|

|
e

!

325.07.

325.9. sl ©p — 5y @p — 3)Zr3

f _{___"'4_.
@ = Deet
de 5, 5 , 5 6. 4
326.01. f——t—— 6 24axt—maxt+ﬂ—}a sin Py
e note under 320.01.
See note under 3
2®dx ¥ _5ad%  15az 15 fr T
ft3 #4871 T®§T7 T gy
dde 2P 1_(_)a2x3_§a4x+52._1x.
ft5 T T T IR T ToesmTy



INTEGRALS INVOLVING ¢ = (a® — 2t 65
327.01. ?zgf - %t’ - %aﬁﬁ + ga% s
327.03. f%f—” = %ts —~ ga"’ts + 3akt + 5;—6
327.05 fx;f” - %f;" — 3a% — %;1_‘" _,_gtfs.
327.07. fxt‘f“’ SR L 2
327.9 f %% - — W

+ 3042 _ 304
Gp = 5)Es  (@p — 3y

e .
@p — Der

dx dz
341.01. f’xT" fm

+

__1 a-+t
= alog —
[#? < a%]
Note that
- l10g att — Zgech |Z
a z
= — —cosh™! ]—‘

The positive valuesof sech~ | z/a|, cosh™ |a/z|
a and ¢ are to be taken.

> e e st trm e

2
_-

Ly
-~
-
—

Fia. 341.01
Dotted graph,
1
vd—2)°
Full line graph,

-1og|1+ v =

z
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der _ 1 e+t
341.03. fxt3 =53 log

X

* dz 1 .1 1. la+t

341.05 J;t:”=3—a2?3+'d7ft—&—51°g| i

341.07. f§=§%ﬁ+:3_;—4t3+5%_£‘710g ‘L;Lt

341.00. %9— 1t7+5é55+§;6_t3+&18_t_$10g!a:'t!
342.01. fj . 342.08. f%=§4<_t§

dx 1
342.05. fx -1 < + z 3t3>
1 t 0
342.07. fx2t7 =5 (._. = + _|_ o + >
1
10

425 | o7
342.00. fotg = <_ Ly, o i = +7£'7>'

343.01. Zs—“; - - ’2}1_252 — 553 log | + t|. [See 341.01.]
308, [ o Lo BB ajtl.
343.05. ff—sfg= _QEZIx_Zﬁ"FEc%Z%'F'zZ—% 5 2 log “+t.
344.01. f%—; - _EIZ@JF?%)
344.03. fg—fs= —515< z, 2 +3x3>
344.05. f%: _%<_§_3§+%+3%>.

For 342 and 34, put 22 _ﬁ, then dx=-(—1——a_FC£;)—3/§-
345.01. %;=—[@%B+§%2+@10ga7“].




INTEGRALS INVOLVING ¢ = (a® — x?)12 67

dx 1 5 15 15 a-t
345.03. - [4a2x4t + 8a'z% ~ Babt + 8_-a7IOg z ]
* dzx 1 23 £
346.01. j - as( +2Z+ '5?5)
do 1/ z 3t 38
346.03. fi‘*_ﬁ_ —.(?<_t_+;+3?+3§).

2t a® .z
350.01. f tdx = 5 + 5 s~ = [See note under 320.01.]

3gp = & 1 3 o 8 4%
350.03. ftdx T+ 5t + S ateint 2
57, — x_t5 5 2,43 5 9O 81T
350.05. ftdx— 6 +24a 'zt +16axt-l— a® sin >
3
351.01. f:l:t dz = — % 351.03. fxt3dx = — %5
351.9. oy = —
2p + 3
2
352.01. fxzt dz = — -ait— + a8xt + -—sm—l z.
[See note under 320.01.7]
23 . _ 2 | a’x®  alxt ﬁ 1T
352.03. f:ctdx 5 5 + To + 1o sin
218 7 245
353.01. [ oftdz = f ~2F 3s3.08. [ odx =L _ &E
3 7 5
353.9 Spetidy = o aE
o 2p +5 2p + 3
28 o2zt At z
" _re -
354.01. fxtdx = 5 5 —l— +16sm .
[See note under 320.01.]
228 aZxt® | olxl® 3
43 dns = T B paiiat = 6
354.03. f:ctdx 3 16 + 7 + 128a:ct

3 s T
+E§a sin p
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28°%° o3

355.01. —7—[-——5—- -5

%
133
&
g
I

I

9 247 445
355.03. fx5t3dx b2t ot

9 7 5
t211+7 9q242P+5 atee+s
529p41 T = o — .
355.9. f:ct do= =gyt e — o
361.01. t—;@ ={-alog 2 ;I— t [See note under 341.01.7]
3
361.03. t% =—+a2t—a310g “+t|
5 5 2,3
361.05. tzx z + q_t + ot — log " ¢
7 2 5 4 3
361.07. tzx = s+ 4 4~ ol |2 tl
tdz t Y
362.01. = — g st [See note under 320.01.]
fde £ 3 3 5. 17
362.03. = = T3 Ext g 0 sin”
5 5
362.05. @ L . atsin71 =
z z 4 8
tde _ t 1. |a+4¢

3dz £ 3 y
363.03. t_x3_=_@_§;+§logaj l
5 5
363.05. jtj?’x:——;g—;?—gt _§a2t+ga310g a:tl’
tdzx $
sesor. [ = -t
3
364.03. f %d;’ - x3 4Lt it

[See note under 320.01.]
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tde _ o 2a2t xt Peint?
364.05. -?- = 3273 + + §‘ + = sin a

tdr _ a-+1
365.01. B x4 T g2 a2z2 T &2 8a"‘ z l )

Bfde 8 [ 3 &8 3 a+t
365.03. R v S v + 8 a2 " 8a log "z |

tdzx A 1 2
366.01. | =5 = — 5z (;;2 + ?7;)

tidzx £
366.03. f—;e— =~ B

tdz ¢ t 1
367.01. f 7 = Tt S T Toam T 60 108

tdx £ /1
368.01. f ZF T Tas <—— t 3 a%z + 15a4>

Integrals of Binomial Differentials
Reduction Formulas

370. f xm(ax" + b)? dx

1
—_— m-+1 My, p—1 .
proog l[x uP+npbfx ur dx]

m n r -—-_____._._1 P Yo

371, fx (ax» + b) dx_bn(p+1)[ gty —
+(m+n+np+1)fx"‘u”+1dx

J

a+t|.

372. f xm(ax® + b)? dx = (m_-l—l—l)_b [ac""‘“luf""1
- a{lm +n 4+ np + 1)fx"”'"‘u”dx1

m(qyn p = 1 m—n
373. f X (ax + b) dx = Wl—)' [x Hyrit
—(m—n+ 1)bf xm—ry? dx

Here u = ax* + b, and a, b, p, m, and n may be any numbers
for which no denominator vanishes.
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Integrals Involving X2 = (ax? + bx 4 c)'/?

380.001. f de _ 1 log |2(aX)V? + 2az + b, [a > 0]

Xz~ gz
1 .., 2ax+b a>0,
= @ S G o [4ac > b2] ’
1 a>0,]
=am,log[2ax+bl, [b2=4ac_ )

_ ~—1 . . (2ax + D)
) L b (R P
a <0, b > 4ac .
[2az + b] < (b* — 4ac)?]
The principal values of sin™!, between — 7/2 and =/2, are to
be taken.

380.003. %‘72 = @—j%-
380.005. j‘g—fﬁ = 5@% <% + %ﬁ).
380.009. X(iﬁn/z T @n = 1)%ZZC—I__2£2) X @D

+ 8a(n — 1) ‘ dr

@n = 1)(4ac — b9 ) X@-DF

380.011. EX‘% = 2%/2 - Qba )’g—l—ﬁ- [See 380.001.]
380.013. f = - w(;cbx_ *1;2;1)6(1/2..
380.019. X:—Zﬁ—)ﬁ =TT 1)1aX(2n—1)12 - 2% f(gri—wz
380.021. f %;%’2 = (2% - %’;) x4 ﬁéf_ﬁw %-

[See 380.001.7]



TRIGONOMETRIC FUNCTIONS

400.01. sin? A 4+ cos?4 = 1.

400.02, sin 4 = V(1 — cos? 4).

400.03. cos A = /(1 — sin® A).

400.04. tan A = sin A/cos A.

400.05. ctn A = cos A/sin A = 1/tan A.
400.06. sec A = 1/cos A.

400.07. csc A = 1/sin A.

400.08. sin (— A) = — sin A,
400.09. cos (— A) = cos A.
400.10. tan (— A) = — tan A.

400.11, sec? A — tan?4d = 1.
400.12. sec A = (1 + tan® A).
400.13. tan A = +/(sec? A — 1).
400.14. csc?A — ctn2 4 = 1.
400.15. csc A = V(1 + ctn? 4).
400.16. ctn A = v (csc2 A — 1).
400.17. vers A =1 — cos A.

Note that for real values of A the sign of the above radicals depends on
the quadrant in which the angle A lies.

401.01. sin (A + B) = sin A cos B + cos 4 sin B.
401.02. sin (A — B) = sin A cos B — cos A sin B.
401.03. cos (4 + B) = cos A cos B — sin A sin B.
401.04. cos (A — B) = cos 4 cos B + sin A sin B.
401.05. 2sin A cos B = sin (A + B) + sin (4 — B).
401.06. 2 cos A cos B = cos (A + B) + cos (A — B).
401.07. 25sin A sin B = cos (A — B) — cos (4 + B).
401.08. sin A 4 sin B = 2sin (4 + B) cos 3(4 — B).
401.09. sin A — sin B = 25sin (4 — B) cos (4 + B).
401.10. cos A + cos B = 2 cos1(4 4+ B) cos 1(4 — B).
401.11. cos A — cos B = 25in (4 + B) sin (B — A4).
401.12, sin? A — sin? B = sin (4 + B) sin (4 — B).
401.13. cos? A — eos? B = sin (4 + B) sin (B — A).
401.14. cos? A — sin? B = cos (A + B) cos (4 — B)

= cos? B — sin? A.
401.15. sec?A + csc? A = sec? A cse’ A = s_iF—Zlc-osTZ .

73




72 IRRATIONAL ALGEBRAIC FUNCTIONS

X @nt+1)/2dp X entn/2
380.319. f p = on F 1

_I,.._ng@ﬂ—l)/?dx + CIM.

X
Xrdg X0
380.321. f 2k f et f i

where X = az? + bz + c. [See 380.001 and 380.111.7]
%2 112
383.1. f e i > (az? + bx)'2.

dz _weea¥—a
832 [ o T = s 5
a

zdz . z —
383.3. f Baz — ) = — (202 — 292 4 asin~! <__a_> .

383.4. f (2az — ) de

a

= (2ax -~ )12 + sm—1 2=

dz 2
384.1. fm = - ﬁlog

384.2, f ————L = 2 cos™1

z(z" — ) na

a+w+mﬂ,

xn/2

xn/Z
[See note under 281.01.]

ohhde 2 . x)m
384.3. f @ — ) 3 Sin <a,

dx
387, @z I b)v U2 + g)
= 1 _y @V (ag — )
BRICE AR I AL
1 o YO (J2 ) + o (bf = ag)

= STV o = ag) VOV (= T g) — o (& — ag)’
L[bf > ag].



FORMULAS 75
403.10. When 7 is an even, positive integer,

gin nd = (— 1)®+ cos 4 [2""‘ sin®1A4 — (n=2) 2r3gin"3 A

1!
+-(Z‘—:-3;('n——4)2"-5sin"—5A
_(n— 4)(n; 5)(n = 6) gn s ot 4 4 ]

the series terminating where a coefficient = 0.
403.11. An alternative series, giving the same results for numer-
ical values of n, is

2 _ o2
sinnd =ncos A [sinA - @—grz—)sin’A
2 _. 02 2 A2
+(n 23,)(‘7’ 4)sin5A
2 __ 92 2 __ A2 2 __ Q2 <
B0 ) gy ]

[n even and > 0]. [Ref. 34, p. 181.]

403.12. When 7 is an odd integer > 1
sin nd = (— 1)»-D/2 [2’”“1 sin® 4 ~ % 23 gin*~2 A

_ + n(nz-l— 3) on-5 ginn— 4 — n(n — é)‘(n = 95) 2°—7 gin"—8 A

4 nln = 5>(n47 6 =T oo ginms 4 — ... ],
. -+

the series terminating where a coefficient = 0.
403.13. An alternative series is

2 12,
sinnd = nsin A — n(—n—g—'ﬁsifA
n(n? — 1) (n? — 32

+ 3]

[n odd and > 0. [Ref. 34, p. 180.]
403.22. c0824 =cos?A —sin?4 = 2cos?4 —1 =1 — 2sin2 4
_1—tan’4A _ctnd —tand
T 1-+tan®A  ctnAd tan 4

Sinf A4 — ---,

[—— |
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401.2.

where

or

where

TRIGONOMETRIC FUNCTIONS
peosA 4+ ¢gsin A = rsin (4 4 6),

r =P+ ¢, sinb = p/r, cosb = gjr
peos A +gsin A =rcos (4 — ¢),

r =@+ ¢¥), cos ¢ = p/r, sin ¢ = g/r.

Note that p and ¢ may be positive or negative.

402.01.

402.02.

402.03.

402.04.

402.05.

402.06.

403.02.

403.03.
403.04.
403.05.
403.06.
403.07.

gin (A + B + C)
= sin A cos B cos C + cos A sin B cos C
+ cos A cos B sin C — sin 4 sin Bsin C.
cos (A +B+0C)
= ¢0s8 A cos R cos ¢ — sin A sin B cos C
— sin A cos B sin ¢ — cos 4 sin B sin C.
4 sin A sin B sin
=sin(A+B—-C)+sin(B+C—4)
+ sin (C + A — B) —sin (4 + B + C).
4 gin A cos B cos C
=sin(4d+B—C)—sin(B 4 C — 4)
+sin(C+ A — B) +sin (4 + B + O).
4 sin A sin B cos C
= —cos{4d+B~C)+cos(B+C—A4)
+cos(C+A—~B)—cos(4d+ B+ C).
4 cos A cos B cos C
=co8(4d+B—-C)+cos(B+C—A4)
+ cos(C+ A — B)+cos(4 + B+ O).
2tan A .
1+ tan?4
sin34 = 3sin 4 — 4sin® 4.
sin4A4 = cos A(4sin A — 8 sin® A).
sin 54 = 5sin A — 20 sin® A 4 16 sin® A.
sin 64 = cos A(6sin A — 32sin* A 4 32sin® 4).
Sin7A =T7sin A — 56sin® A + 112sin® 4 — 64 sin” 4.

gin24 = 2sin A cos A =



405.03.

405.04.

405.05.

405.06.

405.07.

405.08.

405.09.

405.10.

406.02.

406.03.

406.04.

406.12.

406.13.

406.14.

406.2.

406.3.

FORMULAS 77
ctnAdecetn B — 1 1 — tan A tan B
ctn (4 + B) = ctn A +ctn B tanA + tan B
_ctndctnB+41 1-+4+tanAtanB
ctn (4 — B) = ctnB—ctnA  tanA — tan B
_sin(4 + B)
tanA+tanB—-m-
_sin(4 — B)
tan A —tanB——-———————-——cosAcosB-
_sin (A 4+ B)
ctnA+ctnB—m
_sin (B — A)
ctnA-—ctnB—m
_cos (A — B)
tanA+ctnB-—m
_cos (4 + B)
ctnA—-tanB——Sm
tan 24 = 2tan4d _ 2ctnd 2 .
an T 1—tan? A c¢tn?4A —1 <ctnd —tan A
3tan4d — tan® 4
tan 34 = 1 —3tan?d
4tan A — 4tan® 4
ta"114‘4_-1—Gtan“’A—I—’can“A'
¢ 2A_ctn2A—l_l—tanzA_ctnA—tanA.
ctn T 2c¢tnd ~ " 2tand 2
ctn®* 4 — 3ctn 4
ctn 34 = 3etn?d — 1
_ctn*4A —6ectn® A4 41
ctn 44 = 4ctn®Ad —4dctnd
taﬁlA—l—COSA-— sind 1—cosA>.
2% T Tsind 1+ cosd 1+ cos A,
14 — sin A _l-l—cosA= l—f—cosA)'
ctn 34 l1—cosd  sind 1 —cosd
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’ 403.23. c0s34 =4cos®A — 3ecos A.

403.24. cos4A4 =8cos'A — 8cos?Ad + 1.

403.25. cos 54 = 16 cos® A — 20 cos® A + 5 cos A.

403.26. cos6A = 32cos® A — 48 cos* 4 + 18 cos?A4 — 1.
403.27. cos7A =64 cos" A — 112cos® A + 56 cos® A — 7 cos A.

403.3. cosnd =27 lcos" A — % 23 cos™2 A

" n(nz—'- 3) 95 cogn— 4 — n(n — é)‘(n — 5) 2T 0osm—t 4
+ n(n — 5)(”47 6)(n —T7) 29 cog S 4 — .-,
terminating where a coefficient = 0, [n an integer > 2.

[Ref. 4, pp. 409, 416 and 417, and Ref. 34, p. 177.]

403.4. sinid = v{i(1 — cos A)}.
403.5. cos A = V{}(1 + cos 4)}.
404.12, sin?A = 1(— cos 24 + 1).
404.13. sin® 4 = (- sin 34 + 3 sin 4).
404.14. sin* 4 = {(cos 44 — 4 cos 24 + §).
404.15. sin® A = #(sin 54 — 55sin 34 + 10sin 4).
404.16. sin® A = F5(— cos 64 + 6 cos 44 — 15 cos 24 + 22).
404.17. sin’" A = &(— sin 74 + 7sin 54 — 21sin 34
+ 35sin 4).
404.22. cos’A = 1(cos 24 + 1).

404.23. cos® A = 1(cos 34 + 3 cos A).
404.24. cos' A = $(cos 44 4+ 4 cos 24 J §).
404.25. cos® A = {(cos 54 + 5cos 34 + 10 cos A4).
404.26. cos® A = 74(cos 64 + 6 cos 44 + 15 cos 24 + %2).
404.27. cos’ A = §4(cos7TA + 7 cos 54 + 21 cos 34
+ 35 cos A).
[No. 404 can be extended by inspection by using binomial coefficients.]

tanAd 4+ tanB _ c¢tnA4 4+ cin B )
l1—tanAtanB c¢ctnAectn B — 1

tan4d —tanB _ c¢tn B —ctn 4 .
l+tanAtanB ctnActn B+ 1

405.01. tan(4 -+ B) =

405.02. tan(4 — B) =



408.02.

408.03.

408.04.
408.05.
408.06.
408.07.

408.08.
408.09.
408.10.
408.11.
408.12.

V2 Vs

409.03.

409.04.

FORMULAS 79

cos T = % (e + ).

V4 ans Vs AN

o s 050 -

tanz = —i(e.:;e—_:) = —1,(6_‘“‘___‘1').
6“" + e—-iz e + 1
e = cosz + isin g, [EuLEr’s ForMULA ]
¢*+ = ¢*(cos x -+ ¢ sin z).
a*t* = q*[cos (r log a) + ¢ sin (z log a) 7.
(cos x + 7 sin 2)" = €™ = cos nz + ¢ sin nz,
[De Morvre's FORMULA ].

(cos z 4 Zsin )™ = cos nz — f sin nz.

(cosx + isinz)? = cosz — £sin 7.

sin (i) = isinhz.  408.13. ctn (¢z) = — 7 ctnhz.
cos (iz) = cosh z. 408.14. sec (ix) = sech .

tan (iz) = 7 tanh .  408.15. csc (iz) = — ¢ eschz.
sin (z &+ 7y) = sinz cosh y = 7 cos z sinh .

cos (z &= 7y) = cos z cosh y F % sin z sinh y.

sin 22 + ¢ sinh 2y
cos 2z + cosh 2y

tan (z % y) =

sin 2 F 4 sinh 2y

otn (& & ) = cosh 2y — cos 2z

ce® = ce'=+2M  where k is an integer or 0,
= ¢(cos z + 7 sin z) = ¢/z. [Ref. 37, p. 51.]
1 = %7 = ¢05 0 4 7sin 0. Note that
cos 2km = cos 2w = cos 0 = 1.
— 1 = S+4D7i = gog 7 + isinnw. Note that
log (— 1) = 2k + 1)x.

V1 = ¢®**¥2 This has two different values, depending

on whether k is even or odd. They are, respectively,

™ =cos0+¢sin0 =1, e = cogr f isinw = — 1,

where 7 is an integer or 0.

409.05.

respectively,

V(= 1) = 272 Thig square root has two different
values, depending on whether r is even or odd; they are,
T, .. T _ . 3 , . . 3w ,

cos§+zsm§—z, cos—2—+zs1n—2—-—z.
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407. gin 0°

sin 15°

sin 18°

sin 30°

sin 36°

sin 45°

sin 54°

sin 60°

sin 72°

sin 75°

sin 90°

sin 120° = sin

cos 120° = cos

sin 180° = sin

=0 = cos 90°.

o lr__«/S—l _ o
= gin 13~ " 9v3 = cos 75°,
o7 b —1 _ o
-—smm— 7 = cos 72°
= sin & =1 = cos 60°
T8 2 - :
R A A G Rl ) o
——sm5 = R = cos H4°,
—sn® =L = cos 45°
= sin 7 =72 = ¢ .
_oan3m_ Vb +1 _ o
—smm 1 cos 36°.
_ T V3 _ o
=sing = = cos 30°,
_2m _NGAND)
= n5— o) = cos 18°,
P e ot S o
= sin 35 = 992 = cos 15°
=sin§ =1 = cos 0.

[Ref. 4, pp. 406—407.7]
2r _ 3 in 240° — sin 4T _ _ ¥3
3 = 9" sm240—-sm3— 5

1 o _ L
3 = "3 cos 240 =cosg = —3-
. o . 3w
T =0. sin 270 =s1n?=—-1.
o 3
- 1. cos 270° = cos — = 0.

cos 180° = cosm =

408.01. sinz =

2

§17; (¢= — e~%), where ¢ = + y(— 1).

Note that in electrical work the letter j is often used instead of ©



FORMULAS 81
410. Formulas for Plane Triangles. Let a, b, and ¢ be the sides
opposite the angles A, B, and C.
410.01. a® = b? 4+ ¢ — 2bc cos A.
a _ b ¢
sind  sinB  sinC
410.03. a = bcos C + ccos B,
410.04, A -+ B 4 C = 7w radians = 180°,

410.05. sin A \/<(s - b)(s c)> , where s = 3(a + b 4 .

410.02.

410.06. cos

é
2

410.07. tan% = \/(Es__;z%_(s_a;_c))
A

— B a-—-b C

410.08. tan 5 g tn

410.09. To find ¢ from a, b and C, when using logarithmis
trigonometric tables, let

_a+b C. ot C .
tan 6 = P tan 57 then ¢ = (@ — b) cos 5 526 6.
410.10. 'The area of a triangle is
L absin € = Vfs(s - a)(s — b)(s — )} = A -‘%i—sjf—q

410.11. IfC = 90° ¢ = g® + b To find ¢ = v(a® 4+ b%) when
using logarithmic tables, let tan 8 = b/a; then ¢ = a sec 6.

This is useful also in other types of work. See also Table 1000.
410.12. In a plane triangle,

loga = logh — ( cos A - 200S2A+
+WcosnA+---), le < b],
=loge¢ — (—lzcosA +l)icos2A+
c 2¢?

+%cosnA+~->, [ < <]
[See 418.]
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409.06. 1 = ¢%=i3,  This has three different values:

€™ =cos0 4 7sin0 =1,

(2re+27/3)i 2m s AT i s NS
e = €08 — -+ ¢ sin = —=+41 = @
3 + 3 5 + 5 )
. 47 .. 4r 1 . V3
(ra44n/3)T — == 20 e - — 3T = 2
e = C0S 1 8in = =—1 = w.
3 + 3 2 2

409.07. 1 = =4 this has four different values:

¢ = cos0 4+ 4sin0 = 1,

err2r/Di — oqg T - ¢ sin i = ’L.,
2 2
e(2r1r+41r/4)i = cosw + i8inTr = — ]_,
, 3 . . 3T .
err6niDi — cog 5 + ¢ sin - = [See 409.04 and .05.]

409.08. i = eU*V*4 from 409.05, putting r = 2s.
This has 2 values:

rild _ Ty T 1
e cos g + 72sin 1= 7 + 3 (s even),
. 5 . 5 1 7
St/ “a R G —_—
e = €08 + ¢ sin 1= (w/2 + w/2>’ (s odd).
2k . 2k7r.

11 e p2kwiln £ :
409.09. V1 =¢ cos - + ¢ sin p
There are n different values, corresponding to different values
of k. The equation w® = 1 has n different roots:
wp =080+ ¢sin0 =1, w1=cos277r—l—isingg-,

wz=cos2<2~n—7r> +isin2<—2nir>; cer g =cosk2%+isink2%,

wpq = €08 (n — 1)2%+isin(n— 1)%1:

Note that, by 408.07,

— 2 — 3 — k —_—
W = w1, w3 = Wy, W = W, Wy = W1,

409.10. All the nth roots of a quantity may be obtained from
any root by multiplying this root by the n roots of unity given
in 409.09. [Ref. 10, pp. 21-22.7
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415.01.

415.02.

415.03.

415.04.

415.05.

415.06.

415.07.

415.08.

416.01.

TRIGONOMETRIC FUNCTIONS

Trigonometric Series

sinxr—x——gi;—l—g;—;—;-i----, [2? < ©]}.
cosx-——-l—g-}-%—g—l—---, [2? < =)

tanx=x+§+%x5+§léx7+—2—g—§—5x"+
S R | N Pl
[See 45.7]

onE=c 3T o Wmm o
2n
. —2(275"!:@2"“1—- , [2? < 7],
[See 45.7
1T 5 e B e 21T
secz =145 +95 +755° T e ™ T
E"xQn 2 7f'2
...+m+-.., [:U <.4].
[See 45.7]
1o, T s 81 s 127 7 ...
esez =2+5 T 3607 T 15130° T 6048000 T
In—1 __
+2£%W.T—D~B”xzn-l 4. [x? < 7]
[See 45.7
9 s
E&in((i—}—:za)--=sin@-}—:ccose——g-c—%?é7
2cosf  z'sind
Y i T
2
cos(6+x)=cos0—:vsin0—x;’SG
sing | 2'cosd
T TR
T _ sin3z | sin5x | sin 7z
Zasmx—’r 5 T 75 +— R

[0 < z < m, exclusive].



TRIGONOMETRIC SERIES

sin 3z , sin 5z

4c
¢, a constant, = —7;<S1nx+——3——-+ =

sin 7z ‘)
b

+ - 4. [0 < z < m, exclusive].

1. 3mx
~s1n—d——+

5rx

Ll
5

. ) , [0 < z < ¢, exclusive].
_cos3z , cosbr  cos Tx

3 Y75 ~ 7 T

[ —<a:<

exclusive] .
2 i

2 b

4c cos 3z , cos bz
¢, a constant, = \cosT — + 3

(
_ostr ) [__<x<

5 5 exclusive] .

¢ = ii—c cosr—x _1005_3_”2+1003§Z"_‘f
T a 3 a 5 a

1 Trz a a .
——7—cosT+ ), [—§<x<§,exclus1ve]-

z = 2<sinx _sm2x+sm33x_sm44x+ >,

[— 7 < z <, exclusive].

x=7r-—2<sinx+——T+ 3 + 1
[0 < z < 27, exclusive].

sin2r . sin3xz | sin4x
SIR oF 1 _}....),

<s1x sin 3z . sin 5z s1n7a:+.__)’

+ — -

T3 52 7

[ —-5s<z < mclusive] .

2 b

(cosx_l_cos&c cos bx go_s'_@_'_“.),

3t tom
[0 < z < =, inclusive].
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2
416.11, 2? = % — 4 <cosx _cos2zx | cos 3z

22 _3'5—'
RTINS
44 ]’

[— 7 <z < =, inclusive].

2
416.12. x2=1—§<cosx—C°S3x+COS5x-—COS7x+-..)-

4 33 5 7
1k 12 .3 9 iof gin 2¢ = sin 3z
416.13. :1:“—7r:1:=—14\51 T o3 +T
gin 4z
_ntny ),
o4 (1l cos2zx cosdz cosbr )
416.14. sinz = = \a 13 35 57

416.15. cosz =

2 3 .
i3 —I—m51n4x+—5—.,75m6x+---

n

"t En e pes g 2w+ }
[0 < z < 7, exclusive].

. 2ginar | sinz 2 sin 22
416.16. sinar = - {12 o Rl R

+

3 sin 3z
o Al

where a isnot an integer, [0 < z, inclusive; z < =, exclusive].

2asinar {1 cos Z cos 2z
416.17. cosar = — {-2-(2—2 + Tl —

a2
where a is not an integer. [Ref. 7, pp. 301-309.]

+ 30208_396 + .- } , [0 < z < m, inclusive],

416.18. secx = 2(cos z — cos 3z + cos 5z — cos Tz + ---).

416.19. sec’z = 2%(cos 22 — 2 cos 4z + 3 cos 6z
— 4cos8z + «--).
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2
416.11, 2? = ‘% —4 (cos z — 00;2235 + _c°§23’5
cos 4z
Leste ),

[— 7 <z <, inclusive]].

™ 8 cos3x , cosbr cosTz
416.12. x2=—4——7—r<cosx— e+ e — +)
416.13. 2% — 7% = — 12 <sinx—§%+ﬂgfw
sin 4z
g ).
. 4 /1 cos2z cos4xr cosOx
416.14. s1nx_7—r<§— oo _>
416.15. cosx=§_ s11n.§x+325sm4x+ sin 6x + -

n .
+ @n—DEn + 1) sin 2nz + },
[0 < z < m, exclusive ],

. 2sinar | sinzx 2 sin 2z
416.16. sinaz = - {12 2 5
3 sin 3z
ryig ]

where a isnot an integer, [0 < z, inclusive; z < , exclusive].

2asinar | 1 cos ¥ cos 2z
416.17, cosazx = T {2—0,2 + 17— a2 bl 2% _ o
3 . .
1 3czos— z2 + . }, [0 < z < m, inclusive],

where ¢ is not an integer. [Ref. 7, pp. 301-309.]
416.18. secz = 2(cos z — cos 3z + cos 5r — cos Tz + +++).

416.19. sec?z = 2%(cos 22 — 2 cos 4z + 3 cos 67
— 4c0o88z + ++).

416.20.

416.21.
416.22.

416.23.

417.1.

417.2.

417.3.

417.4.

418.

TRIGONOMETRIC SERIES 85
3 — 93 3
secdx = 2 (cos3:a:—1 cos5:v+ cos7:v
3-4-5
- 3T cos 9z 4 - )
esc z = 2(sin z + sin 3z + sin 5z + sin 7z + -+ -).
esclr = — 2%(cos 2z 4- 2 cos 4z + 3 cos 6z
+ 4cos8x -+ ---).
cscty = — 28 ( sin 3z + sm 5z + sm 7z
+3'4'5sin9x+ )
3!
[Ref. 4, pp. 414 and 421.]
1 —]+L(asin20+a2sin30
1—2acos6+a> ~ ' sinéd

+ a®sin 46 4 ---), [a? < 1]
[Ref. 29, p. 87.]

1 — a?

1—2acosf +a* 1 + Z(a cos 6 + a” cos 20

+d*cos30+ -++), T[a?< 1]
1—acosd ,
1 —2acosf +a> 1+ acos 6 + a* cos 26
+ a®cos 36 + - [a? < 1].

sin 0 . . .
1 —2a0050+a2—81no+081n20+a sin 30 +

. [a? < 1].
log (1 — 2a cos 6 4 a?)
=—2<acos(9+ cos20+ cos30+ )

[a* < 1],

21og |al —2<COSG+COS20+C(;)3S(1§0+"'>’

a 2a?
[a® > 1]. [Ref. 7, Art. 292.]
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419.1.

e* gin br =

TRIGONOMETRIC FUNCTIONS

r222 sin 20 . r3z% sin 30

t—r t—ar to

rz sin 6
1!

where r = v(a® +b%), a=rcosf, and b = rsiné.

419.2.

recos @ . r2r? cos 20

e“cosbr =1+ 1 + o1

3 [/}
+ix_§_c')s_3+.“’

where r and 8 are as in 419.1.

420.1.

420.2.

420.3.

420.4.

421.

60+ rr = zsina + 12?sin 2« + $2¥sin3a + .-,

where r is an integer.

sin a 4 sin 2 4 sin 3a + -+ + sin na

. n+1 . na
sm——2—asm2.

sin —

cos a 4 cos 2« + cos 3a 4 -+ -+ cos na

n+1 . noe
5 —asing

cos

in &
sin 5
sin @ + sin (o + &) + sin (a + 28) + ---

-1 . né
sin <a + n_2__ 5) sin 5

+ sin {a + (n — 1)8} = —

sin 5
2

cos « + cos (a + 8) + cos (& - 28) 4 ---

- . nd
cos (a +n—2——16> sxn%

+ cos {@ + (n — 1)8} = 3
sm§

[Ref. 29, Chap. V.]
If sin § = z sin (6 + «),
[«? < 1],
[Ref. 29, Art. 78.]

6? 6 6?
422.1. sinf =290 (1 —p><1 - §T7r2><1 - W) vy [02 < o]

46% 49° 49°
422.2. cosf = (1 - 'P)(l - W)(l - W) vee, [02 < °°].

TRIGONOMETRIC FUNCTIONS—INTEGRALS 87
TRIGONOMETRIC FUNCTIONS—DERIVATIVES

427.1. d sin g = COS Z. 427.4. detnzg = — c¢sc?z.
dz dx
dcosz . dsecz
4272, ——— = — ging. 427.5. = gsec z tan z.
dz dx
az73, dtanz _ sec? z. az76. 40T _ _ csczctn z,
dz dz

TRIGONOMETRIC FUNCTIONS—INTEGRALS

In integrating from one point to another, a process of curve plotting is
frequently of assistance. Some of the curves, such as the tan curve, have
more than one branch. In general, integration should not be carried out
from a point on one branch to a point on another branch.

* = du sin® cos & tan ] dx
Ny du
(1) || sine cos @ do % 1-u? ki sin=ly

V1-—u V1 —-ut

paper
Vi-u u Vi cos—tu | ——9% _

(2) || cosa ~ sinwdo m Ve
1 ® | tane sect @ dow ‘\/TZ-——M \/% e tan~tv i iuu’

(4) || secw | secwtanwdw || — %_—l }ﬁ Vur—1| seclu ” \/(:;_-l

(5) || tan ; % sec? g d:c I .-‘!'-uu, : :_ :: i 2_”ua 2tan~1y 12-f ':’

429. Substitutions:*

Replace ctn z, sec z, csc z by 1/tan z, 1/cos z, 1/sin z, respec-
tively.

Notes. (a) /F(sin z) cos z dz,—use (1).
(®) S F(cos z) sin z dr,—use (2).
(¢) S FP(tan z) sec® x dx,—use (3).
(d) Inspection of this table shows desirable substitutions from trigo-

nometric to algebraic, and conversely. Thus, if only tanz,
sin? z, cos? z appear, use (3).

* From Macmillan Mathematical Tables.
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Integrals Involving sin x
430.10. f sinxdr = — cosz.

430.101. f sin (@ 4 bz)dz = — %cos (a + bz).

430.102. f sinZdzs = —a cos Z-

430.11. f zsinxdr = sinz -~ z cos 7.

430.12. f 2?sinzds = 2rsinz — (2 — 2) cos 2.

430.13. f:v" sin z dz = (322 — 6) sinz — (2® — 6z) cos . |

430.14. f 2isin z dxr = (42° — 24z) sin z
— (z* — 122% + 24) cos z.

430.15. f & sin @ dz = (5z* — 60z% -+ 120) sin =
— (2* — 202® + 1202) cos z.

430.16. f 28 sin z dz = (62° — 1202% + 720z) sin z
— (2% — 30z* + 3602% — 720) cos .

430.19. f ghsinxdr = — z™cosz +m f 2™ cos x dz.
[See 440.] [Ref. 2, p. 137.]

430.20 sin?z d _x_sin2r =z sinzcosz
.20. fgm gde =3 ——5— =5 .
? zsin2r  cos %,

in2 =T -
430.21. fxsm rdr = 1 m 3

3 /22 1\ . cos 2z
430.22. fx2 sin® ¢ dz = % —_ \% — §> sin 2z — :z:__4____

INTEGRALS INVOLVING sin x 89
4
430.23. f Bsndzde = % - @ - %75) sin 2z
‘ 322 3
% " 16 cos 2z.
3
430.30. f sinx dzx = COZ T _ cosz.

. s _zcos3z sindz 3 3 .
430.31. f:z:sm zdx 13 36 4xcosx+4sm z.

[Expand sin® z by 404.13.]

430.40. f sin‘z dr = 3z _sin2z 4 5 iz,

8 4 32

_ 5cosx+ 5cos3r cos5x.
8 48 80

430.50. f sinfz dz =

430.60. sinffzdzr = — — + —

16 64 64 192

f Sr 158in 2z 3sin4zx  sin 6z

_35cosz + 7 cos 3z
64 64

430.70. f sin”z dz =

_ 7cos5x+ c0s7x.
320 448
[Ref. 1, p. 239. Integrate expressions in 404.]

5 z7
5Tt

sin z dz z° z

431.11. — = Si(z) =z —
f z @) 3-3! + 5-
For table of numerical values, see Ref. 4, pp. 291 and 295 and Ref. 55 f.

431.12. fsmxﬁdx - —Smx+fc°sxdx. [See 441.11.]

z T
sin z dz sinzx cosz 1 sin z dr
431.13. = = T
3 f z? 227 2z 2 z
[See 431.11.]
sin z dz sinz cosz ., sinz 1 coszxdx
431.14. = — — - =
f 2 3 62 T 6z 6 .
[See 441.11.]]
431.19. sin z dx — sin z 1 cos z dr
f " {(m — 1)z™1 + m— 1 1

[Ref. 2, p. 138.]
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s 2z d(2z
431.21. fsm zdz , log lz) = 2f°° (22)
[See 441.11.]
sin® z dz 3 sin z dz sin 3x d(3z)
3131 f el e f

[See 431.11.]

431.9. f iin’;f de, Expard sin® z by 404 and integrate each

term by 431.1 and 441.1.

432.10. f 'dx =fcscxdx log tanzl
sin z
=-——1 ﬂ‘f log |esc z — ctn z]

— cosz
(Lambda function).
[See 603.6.]

-3

4
]
!
4
!

1
]
1

-
-
-,

. x
Fra. 432.10. Dotted graph, csc z. Full line graph, log l tan 5

o de 28 3127 127:69
432.11. fgﬁ{z =ztggt 55 T T 5500

2(22n—1 ]) onil
+"'+—"‘—'——(2 ])' an t +
l See 45, I

78 3123 12721

r’dz _ 2°
432.12. f;ﬁ +43|+3651+387Y+5568'

2(22n—1 — 1) 2ni2
+ - . - = B,z +2 4 ..

2 2)(2n)!

(2n + 2)(2n)! [Seo 45.

432.19.

integrate,

432.20. f _dz_
Sin

432.21.

432.29. f :

432.30.

432.31.

432.40.

432.41.

432.50.
432.60.

432.90.

432.91.

I

INTEGRALS INVOLVING sin x 91

1
Expand e by 415.06, multiply by z™ and

[m >0]
fcsczxdx= — ctn 2.
— z ctn z + log [sip z].
Expand by 416.22, fm > 1].
_ cosz ll " T
2sintz ' 208 anil-
_Zcosz 1 +1 rdx
280’2z 2sinz ' 2 ) sinz’
[See 432.11.]
_ _ Cosx 2 _ ctn® z
= Teiniz :.,)—ctn:c = —ctnz — 3
_zcosT 1
3 sin’ z 6sin2:c—§xcmx
+glog [sin z].
_ cosz 3 cosz 1 i
4sin‘z  8sinfz + g an2
_ cosz ___4_cos:c_8 "
Fsinz 15sndz 15° 0%
fcsc"xdx
_ cos r +n—2 dx
(n—1)sin"'z ' n—-1]) sin"2z’
[n>1]
reosz 1

+

T =Dsinz (n—1)(n — 2)sin* 2z

n—2 zdz [n > 2]

n—1]J sin"2%z’
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433.01.

433.02.

133.03.

433.04.

433.05.

433.06.

433.07.

433.08.

434.01.

434.02.

434.03.

434.04.

434.05.

434.06.

435.

TRIGONOMETRIC FUNCTIONS

dr
fl-i—sinx—
dr
fl——sinx—

xdr
1-+sinz

z dx
1 —sinz

sinrdr _
1+sinz

|
8
Q
=+
=}
TN
|
!
(N1 R3]

-+ 2 log

Ccos (
sin <

»M=I [-M=I
l\')l& NJIR

™
1 >+2log

i

sinzdr T
ffj‘s’iﬁ—x——x+tan<z-l—§>.
_“_d‘{"—~tan T_Z log | tan Z|.
sin (1 + sinz) 3 35 ) tlog|tang
dz B r .

[ srra gy =t (5 %) +log | tan
—'ﬂ—“‘ltan Tr_2z -—lt sf{T_ 2%
(1+sin2)? 2 175 gtan*( 7 =3

dx _l 7_.r z 1 3 s x
(l—sinx)__2cm<4—§>+gctn (74&5)
sinzdr 1 - 1, o 2
(1+sinx)2‘“§tan<; 2>+6ta <4 ;
sin z dz 1 1 S

=75 ctn® (= — =
I—sinz? ~2° +5 173

dx 1 3sinfzr — 1

fl-{—sxn? _T <S1n2x+1) [See 436.6.]

dr dz
T—sin’z  J cosfz 20.

f 1—sin’z f oot g = tanz. [See 442.20.]

f sin mz sin nx dx

sin (m — n)z _ sin (m + n)z
2(m — n) 2(m + n)
Tm? # n?.  If m? = n? see 430.20]

INTEGRALS INVOLVING sin x 93

436.00. fa—f—bsmx

2 atan (z/2) 4 b

=T ey >
- 1 log atan (z/2) + b — v (b* — a?) .
V(¥ —a?) atan (z/2) +b + v (b? — a®) |’
[ > a?]

—2 _,atan (x/2) 4+ b

=T i S
[6*>a% |atan(z/2) + 8] < v (*—a?)]

— 2 atan (z/2) 4+ b

\/ (b2 7 c¢tnh—! W ’

[0*>a? |atan (z/2) +b| > v (B —a?)].

{See 160.01. Also Ref. 7, p. 16 and Ref. 5, No. 298.3

The integration should not be carried out from a point on one branch
of the curve to a point on another branch. The function becomes infinite
at x = sin™! (— a/b), which can occur when [z| < .

436.01. f(% =21 LA
436.02. fsinx(a‘fbsinx) = 2 log|tan g | - gf«ﬁ%g’;—n}
436.03. (a + Zzin ? (@~ b"g (c(f S—licb sin x)

+ a? i bzfa —|—(Zi>xsinx'
436.04. (a _S;nbzﬂfz 2R~ (B~ a‘g Z(l) S‘fb sin z)

+ 7 f_ azfa +(ll>xsinx'

[For 436.01 to 436.04, see 436.00.]

436.5. f @ + (bi:;sinz T av (llzl‘f‘ b?) tan™ \/@T—i-*‘f;) = x,

[a > 0].
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436.6. Whena=0b=1,

dz 1 (2§
IEes—rh J3ten™ (2 tan ).

See also the alternative solution in 434.05, which differs by a
constant.

dx
436.7. f @ UeeE

1 V(a® — b?) tan z
= e—————————— ta'n_l A )
av (a® — b%) a
[e* > %, a>0),
1 V@ — a?) tanz + a

= 20V (0 — & log @ — o®) tanz — al|’
(62> a? a>0}
If b2 = a2, see 434.06.

sin z dz m CoS X

sin™!

437.1. Vi Fmien’a) = " VA Fm)’
sin x dx
437.2.

V{1 — m?sin? z)

= -—%log imcosz + v (1 — m?sin? 2)}.

437.3. f (sin ) (1 + m? sin® x)dz

cos & 1+m? ., mcosz

= =5~ V(A +m’sin*z) — — = sin™

4374, f (sin 2) (1 — m? sin? z)dz

Ccos T

= — —2—\/(1 — m? sin? z)
I Sk log {mcosz + v (1 — m?sin?x)}.
2m

INTEGRALS INVOLVING cos x
Integrals Involving cos x

440.10. f cos z dz = sin z.

440.101. f cos (a + br)dz = %sin (a 4 bx).

440.102. f cos g dz = asin 2-

440.11., fxcosxdx = ¢cos z - z 8in z.

440.12, f z?cosxdr = 2z cos x + (2 — 2) sin .

440.13. f 2 cos z dz = (322 — 6) cos z + (2® — 6z) sin 2.

440.14. f ztcoszdr = (42° — 24x) cos z
+ (2t — 1222 + 24) sin z,

440.15, f 2P cos x dz = (5z* — 6022 + 120) cos z
+ (2* — 202 4 1202) sin z.

440.16. f 78 cos z dz = (62° — 12023 4 720z) cos z
+ (2% — 302* 4 360z> — 720) sin .

440.19. f z"cosxdr = g™sinx — m f 2™ 1sin z dz.
[See 430.]  [Ref. 2, p. 137.]

2 ~Z_ 8in2z <z  sinzcosz
440.20. fcos:vdx—2+———4 s3t+t—%—

2 .
440.21. fxcoszxdx=%+x8122x+cos82x'

78 22 1\ . z cos 2z
2 9 — - = .
440.22. fx cos :cd.?:—6+(4 8>s1n2x+ n

4
440.23. fx’cos2xdx = 38;— + (ﬁ - _38_x> sin 2z

322 3
-+ ('§' - 1—6> cos 2z,
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sin® z

3

440.30. f cosfxdxr = sinzx —

3 _zsin3z  cos3z 3 . 3
440.31. fzcos zdx 12 -+ 36 +4xsmx+4cosx.

[Expand cos® z by 404.23.]

440.40. f costzdr = 3z + sin 2z 4 2R sin 4z

K} 4 32
5sinzg , 5sin3x | sin bz
5 — .
440.50. fcos xzdx 3 + 18 + 0
5z , 15sin2x = 3sin4x , sin 6z
6 .
440.60. fcos zdzx = 16 + n + 7 -+ 195

35sinz . 7sin3z , 7sin 5z | sin 7z
7 = .
440.70. f cos’ z dx 61 + o + 390 + 15

[Ref. 1, p. 240. Integrate expressions in 404.]

cos z dx x? xt 28
441.11. f—————x = log |z| ~535itTa 66T
For table of numerical values, see Ref. 4, pp. 291 and 294 and Ref. 55 .

cos x dx _cosz f sin z dz

~ ~ [See 431.11.]

441.12.

441.13.

0s z dx _cos:v_l_sinx_l cosxdx.
222 2z 2 T

[See 441.11.]

37 T 62 T 6z

441.14.

osxd:z cosz , sinz , cosz , 1 (sinzdr
— — +6 N

[See 431.11.]

m — Da™ 1~ m— 1 amt

cos? z dx

%log 2] + 5

cos 2z d(2x)
441.21. 3 f 5z

[See 441.11.]
eos® dx f cos & dx f cos 3x d(3z)
4

441.31.
z

/==
J==
J=s
441.19, f"”dx= 008 1 fsinxdx.
[===
J==

[See 441.11.]

INTEGRALS INVOLVING cos x 97

7"
4410, f cos™ x d:c.

xm

Expand cos™ z by 404 and integrate each term by 441.1.

dr _ T,z
442.10. fcosx = fsec:z:dx = Jog | tan <Z + 5)

= log |secz + tanz| = lcl—_F—iB
1l —sinz
= Mz), (Lambda Functmn). [See 640.7]
rdr ¢ o 525 | 6128 138521
44211, fcos:c 2 +4-2!+6T7Iv+'8-—m+ 10-8! + o
E x2n]2
eyt B
z¥dr  a® ko 612° 13855
#42.12. feosx T tem 4v+9 6t T TTsr T
En— 2n41
-+ o [See 45.]

Gn ¥ D@ =1 T

442.19. f Lok
CoOS X

integrate, [m = 0]

d
442.20. f L = fsec2xd:c = tan z.

1 .
Expand pr by 415.05, multiply by 2™ and

cos? x

dw
442.21. fcf)szx = z tan z + log |cos z].

s
442.29. f m' Xpand by 416. 19 [m > 1].
dx sin r 1 T,z
442.30. = = I
30 f cosfz  2cos?z + 2 log | tan <4 + 2)

rdx rsinz 1 1 z dx
442.31. = - = .
fcos%: 2 cos?z 2cosx+2fcosx

[See 442.11,

dx sin x tan T
442 .40. = =
f cosiz  3costz + tan ¢ =tanz +
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zdz zsinz 1 2
44241, f G0tz 3cos’z  Goosz T 37 tARZ
+ glog | cos zi.
442.50. ~_snr 80z 30 tan (T +2)].
’ f coz  4dcos'z ' Scostz ' 8 B[MN\ZT 3
sin z 4 sinz 8
442.00. f w0z~ Boorz T Boodz | 15 AR
442.90. f —d:-:— = f sec” r dx
cos™ x
sin z n—2 dx
T (m—T1)cos" Tz TaT1 f cos 2z’ [n > 1].
z dr zsinz 1
442.91. f cosz (n— Lycos iz (n— 1)(n — 2) cos" 2z
n— 2 z dzx
+ n—1J) cos"2z’ Ln > 2]
dx z
443.01. fm = tani-
dx T
443.02. fm = — ctn —2—‘
zdx z T
443.03. fl_-l—m = xtan§ + 2log cos 5|
z dx T .z
443.04. f’i—:m = —xctn§+210g s1n§ .
cos x dz z
443.05. m = r — tan §°
44306, [-255E _ _ o onZ
1 —cosz 2
dz T,z z
443.07. fcos 0 Foosz) log | tan <4_1 + §> — tan 5
dx (w  x z
443.08. fm = log tan (Z + §> — etn .2-.

INTEGRALS INVOLVING cos x 99

. dx 1 A | T
4.01, —_— = g Bt 3T,
444.01 f(1+cosx)2 5tan + 7 tant 2

dzx 1 z 1 z
444, . —_— e = — — —_—— 3.
0z f (1 — cos z)? 2 ctn2 g ot 3
444,03, [ Coszdr _ 1. =z 1. .2
3 (1-+cosz)2 2 tan 2 6 tan 2
cos z dz 1 z 1 z
444.04. —_— == = 3T,
f(l —cosxz)? 2 ctn 2 8 ctn 2
dx 1 . 1 —3cos?z
444.05. —_— = L &=l [ 2D Y,
5 f 1+cosfz  2y2 " ( T ¥ cos’z ) [See 446.6.]
sa06. [—2 - (B _ o [See 432207
1~ cos?z sin®z - sV,

445, _ sin (m — n)z | sin (m + n)x
fcosm:ccosnxd:c 2m — ) -+ Sm T
[m? 5 2% If m® = n? see 440.20].

dz
146.00. f P v

2 - (@ — b) tan (z/2)
7@ <5 tan 7 (@ __nbz) , [a® > 2],

= 1 (b — a) tan (z/2) + (b2 — a?)
T =) 8| (6= a) tan (z/2) = v = @) |’
[b* > o],
2 tanh-1 (b — a) tan (z/2)

= V(O = @) v (E — @) ’
[6* > a2 |(b — a)tan (z/2)] < (B — a?)],
_ 2 -1 (b — a) tan (z/2)
BT G R =y
[6*>a? |(b— a)tan (z/2)]| > V(% — a?)].
[See Ref. 7, p. 15, and Ref. 5, No. 300.]

The integration should not be carried out from a point on
one branch of the curve to a point on another branch. The
function becomes infinite at x = cos* (—~ a/b) which can
occur when |z| < .

coszdr _z a dz
446.01. a+becosz b bl atbeosw
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dx 1 r T Integrals Involving sin x and cos x
446.02. = = L B grals ing si c
f cosz(a +beosz) a log| tan <2 + 4) l sin? x cos?
b f dz 450.11. f sin z cos x dx = 5 =~ "3 -+ constant
“a) aF¥beosz
d bsi = - 0012:5 -+ constant.
446.03. i = Sin
(@ t+bceosx)? (b2 — a®(a -+ b cos ) cos® x
@ dz 450.12. fsinxcoszxdx =——3
b®—a* ] a+bcosz A
446.04 cos 7 dz asinz 450.13. f sin @ cof 2 dr = — <52
o (@ +bcosz)? (a? — b%)(a + b cos z) »
__ b dx 450.19. f sin 7 cos” z dz = — T lx-
a—b ] at+beosz "
I X X in®
' . [For 446.01 to 446.04, see 446.00.] 450.21. f cin? % cos z dx = su; T
446.2. j a? + b* — 2ab cos x 1 in 4
sin 4z
_ 2 fla+b z 450.22. f sin?x cos?z dz = = (x — )
—~I—(;-2—:p—l—tan1[a——_——bltan§], [a = b]. 8 4
33 2
[Ref. 38, p. 52.]  [See 446.00.] 450.23. f sin? z cos® x dy = 2T F x5cos Z 4+ % sin® z.
dx 1 atanz
446.5. @+ blcottx av (a2 + b%) tan™ v (@ +b?)° sint
450.31. f sin® x cos ¢ dx = .
[a>0] 4
446.6. Whena =0 = 1, sin™t!
f dx - Ltan—l (tan x> 450.81. fsin"‘x cosrdr = 7:+ 1 [ms=—1]
Y 4 cos?zx 2 2
v v [Ifm = — 1, see 453.11.]
See also the alternative solution in 444.05, which differs by
a constant. 450.9. f gin™ x cos™ x dx
dx somtl n—1 —1
446.7. _sin™lzcos™lz | n . m .
faz__bz_—‘coszx = e +m+n sin™ z cos™? x dx
1 a tan inm-t 1 -1
- -1 _ ginmlzcosmtlzr | m - n
a\/(az_bz)tan V(@& =5’ = — e T | S 2z cos x dr,
fa? > 8%, a>0] [m # — n, see 480.9]. [See also 461.]
— 1 o atanz — v (b2 — a?)
2a+ (b* — a?) Slatans + v ®—-a)|’ 451.11. f——ﬁ—-——- = log |tan z|.
[b*>a, a> 0] sin z cos =
If b = a?, see 444.06. dr 1 . x|,
’ 451.12. f Snzooffz ~ cosz T log| tan 5 !

N, /
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451.13. - + log |tan z|.
’ sin x cos3 z 2cos’zx
1 1 z
451.14. f sin z cos4 r 3cos*z toosa T log tanél
451.15. -1 + 1 + log |tan z|.
: sin z cos5 z 4dcostz ' 2cos’z
1 dx
451.19. f snzcos'z (m— 1)cos" Tz + f sinzcos" 2z
[n=1]

dz z
451.21. f sifrcosz  sinw + log | tan (4 + §>|
451.22. f 4 _ 90tn 2.

sin? z cos® ¢

dz sin z 1

451.23. f Snfzcosx 2co8° 8D T
3 T, X
+ §10g tan <71 +§> .

dz 1 8
451.24. f Snlzcostz 3snzcosz 3 ctn 2z.

dr
451.31, fsin"’ ol 251 e + log [tan z|.

dz 1 cos z 3 z
451.32. f Sidzcosiz cosz 2sin’z + §log tan§|~

dx 2 cos 2z
451.33. fm = - S + 2log |tan z|.

dx 3cos?z — 4 T,z
451.41. f sinfzcosz  3sin’z + log | tan (Z + §> :

[Ref. 1, pp. 260-263.]

dz 1
451.91. f 31_'————n"‘ T COS T = = (m — 1) Sinm—l T

dx
+ f sin®2 z cos z’ [me1].
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dz d(2z)
451.92, _— = 2= —— e
f sin® x cos™ z f sin® (2z) ° [See 432.]
451.03. f A
sin™ z cos" z
- 1 + m+n—2 dz
{(n — 1) sin™ 1 g cos™ ! z n—1 sin” z cos™ 2z
[»n>1]
- 1 + m+n—2 dz
(m — 1) sin™! x cos™ 1l z m— 1 sin™ 2%z cos™ 2’
[m > 1]
, sin z dx
452.11. f oz = ftana:dx = — log |cos z|
= log |sec z|. [See 480.1.7]
in r dz
45212, | B2 =
2 f costz  cosz o
sin z dz 1 1
452.13. f oF s —Feos =3 tan® z + constant.
sin z dz 1
452.14. =
5 f cos'z 308z
sin z dz 1
452.19. =
52.19 f cos™ 2 (n — 1) cos™ 1z’ [n = 1)
2z dz
45221, [ SR 4T _ _ 23| -
52.21 f pr sin 2 + log | tan 4~l—2
452.22 sin? z dx
22, v ftan zdr = tanz — 2. [See 480.2.]
lzdr _ sinz 1
45223, [ S22 - T+
f coz  2costz 2 log | tan 4 + 2
2
452.24. f sin fdx = ltan z.
cos
452.20 f sin? z dz _ sin z
cos™ x (n—1)cos"z n—1 f cos"—zx
- [n = 1]
sinfrdzr _ _ sin’z
452.31, f oz = 5 — log | cos z|.
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452.32.

452.33.

452.34.

452.35.

452.41.

452.7,

452.8.

452.9.

453.11,

453.12,

TRIGONOMETRIC FUNCTIONS

sin®z dr o8z 4
costz ST sec x.
sifxdr N
f oS = —ftan xdz——2—tan z + log |cos x|.
s [See 480.3.7
sin z dv 1 1 .
cos'z  3cosfz cosz
"sinfade 1, 1
f coFz T atantT =g — o cosis T constant.
sinx dz 1 3 1
o Costz (n—T1)cos"Tz (n— 3)cos* 3z’
[n s 1or3]
sin? z dx sin® ) T
cosz ~ 3 —sinz+log tan<1+§> .
[n 1]

n—1
= ftan"xdx = tan""z
n—1

[n = 1.

f tan™?z dz,

See 480.9].

sin™H g m—n-+2 (sin”zxdx
T =Des iz n-1 f cos*2g
[n # 1],
sin™ ! 2 m— 1 fsin™2zdz
_(m—n)cos"—1x+m—nf cos"z
[m # n],
sin™ 1 g m—1 sin™2zde
- (mn—1Dcos"z n—1 cos2z
[n # 1]

cosxdr
sin x

cos z dz 1
) = — — = — esCZ.
sin? z sin

fctnxd:c = log |sinz|. [See 490.1.]
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cos z dz 1 ctn?zx
453.13. f Sz - Seniz 5 +- constant.
cos x dz 1
453.14. f sinfz  3sin’z |
cos z dz 1
453.19. f e =~ T [n = 17.
2
453.21. fcos‘ z d = cos z + log tan Z|.
sin z . 2
2
453.22. fco§ 2xdx = fctn"’xdx = —ctnz — 2.
sin? ¢
[See 490.2.7]
cos? z dx cos ¥ 1 z
453.23. f . ~oemin §log tan-z—lv
2
453.24. f costwdz _ 1 e,
sin* z 3
cos? x dr cos 1 dr
453.29. f sin"z  (n— Dsin"lz n— 1 f sin" 2z
[n1]
cos® x dx cos z
453.31. f ——— = + log |sin 2.
3
453.32. fc_os_%c_c_lz = — sing — csc 2.
sin® z
cos’z dr s _ _ctn®z .
453.33. f e fctn zdx = 3 log |sin z|.
[See 490.3.]
45334 cos"‘:z:dx= 1 1
o sint z sinz 3sin®z
coszdz 1 ., 1 1
453.35. f e R A T oy
-+ constant.
1 1

3
453.30. f coswdr _

sin™ x

(n=Dsin"lz’
In > 1lor3].

(n —3)sin"Sz
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453 .41, f
4537, f
453 3, f

453.9. f

454.01. f
454.02.
454.03. f
454.04.

454.05. f
454.06. f

TRIGONOMETRIC FUNCTIONS

cost x dx cos3 0z
na o = + cosz + log | ta ngi
cos™ 2z dx _ cto™? z
Tewr T a=1’ [n 1]
M = f ctn” z dz
sin™ =
n-1
S ek f ctn™2 g dz,
n—1
[n 1. See 49097
cos™ z dx
sin™ z
_ cos™H g _n—m+2 (cos"rdr
(m — 1) sin™ 1z m — 1 f sin™2g
[m 7= 1],
_ cos® 1z 4= 1 fcos"2zdx
(n—m)sin™tz ' n—~m sin™ ¢
[m £ n],
- cos™ g _n=1 fcos®trdr
T m—-Dsin™ Tz m—1 sin™2 g
[m 5= 1],
Sinede log (1 4 cos z)
1+ cosx g ’
sin z dx
m = log (1 — CO8 11?).
coszdz = log (1 4+ sin z)
1+ sing g '
cos r dx .
Tosna=- — log (1 -~ sin z).
do 1 1 10 tan 2
sin z(1 + cos z) 2(1 + cos x) g 2|
.__ix— [ _._..___1_____ 10 tan = ]..
sin (1 — cos z) 2(1 — cos x) g 2
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dx

1

454.07. f cosz(l +sinz)

2(1 + sinx)
1 Tz

+-2-10g tan(—4+§> .

1

dz
454.08. f cos z(1 — sin z)

B 2(1 — sin z)

1 T, T
+§10g tan (Z: +§>

454.00. f m% - 1_%“6%5_”2 .
454.10. f«ﬁf—%{ﬁ - Il_;;os%sﬁ .
454.11. f ﬁ% [1_‘{1%’_“5
454.12. f gm—x—c(‘)lsf-%m — log _sfgl_f :
454.13. f €08 acsz]l1 :—Ei-d:in z)  2(1 -I-lsin z)

+%log tan<77; +g> .
454.14. f cos ::Elll x—d:in 7y 2(1 —lsin z)

- %log tan(%—l—%) .
454.15. f = xc(ols -T—d;s 5=~ +lcos o) log tan |-
454.16. fsin ;(Olsid(i)s x) -7 2(1 --lcos ) %log tan-g '
455.01. fﬁ—n-x—%-——"cosx = log | tan (2 + g)l
455.02. f ﬁ‘x_d——'“'xcwc L 1og|tan (2 %)]
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—t

sin z dz z .
455.03. fm = § - §log ISID:C + cos x[.
[See 482.2 and 492.1.]

sin z dz z 1 .
455.04. fm = §+§log |s1nx - C‘Ole.

[See 482.2 and 492.1.]

cos z dx z 1 .
455.05. fsmx_*_cosx-—§+§10g|s1nx—|-cosx|.
[See 482.1 and 492.2.]
cos z dx z 1 .
455.06. fm— —§+§log[smx——cosx|.

[See 482.1 and 492.2.]

dr 1 g
455.07. fm = étan <£C —_ (—1> .

dr 1 T
455.08. f m = § tan (x + Z) .

dz z
455.00. fl+cosxisinx—:l:log 1 tan 3| -

dx 1 xz -+ 6
456.1. beosz + csinz ;lg tan — l

where r = v (02 4 ¢, sin 6 = b/r, cos 0 = ¢/r.
[See 401.2 and 432.10.]
dx _ d(x + 6)
456.2. fa—l—bcosx—}—csinx—fa—l-rsin(a;—}—ﬁ)
where r and 0 are given in 456.1. [See 436.00.]]

& L
460.1. f a’costz + b¥sin?zx ab tan <a tan x) ?
[a>0, b>0] [See436.5.]

dr 1 btanz + a
102, [ e e = 50 Y i e

[a>0, b>0] [See436.7.]
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461. f sin™ x cos® xdx. If either m or n is a positive odd
integer, the other not necessarily positive nor an integer, put
sinfz =1 —cos’xz and sinzdr= —dcosz
or put
cos’z=1—sin’?z and cosxdr = dsinz.
If both m and n are positive even integers, put

sin?2 = 2(1 — cos 2z), cos?z = (1 4 cos 2x)
and
sin z cos z = % sin 2z,

and similar expressions involving 2z instead of x, and so on.
See also 450.9.

cos (m — n)x _ cos (m + n)x
2(m — n) 2(m +n)

465. f sinmz cosnxdr = —

[m? = n*]. [If m? = n?, see 450.11.]
470.1. WT% mlog {msinz 4+ v (1 + m?sin?z)}.
cos zdzr 1 cin—t .
470.2, m ;ﬁ (m sin x).

470.3. f (cos )+ (1 + m?sin? z)dx

s1n x

v ({1 + m?sin? z)

-+ %log {msinz + « (1 + m?sin?z)}.

470.4. f (cos z)¥ (1 — m? sin? z)dx

_sing PRI B .
== V(1 — m?sin?x) 4+ 5, Sin (m sin ).
475.1. f Sz, sin z)de = — ff (g — 9, COS y) dy,
where
y=x/2 —um.
475.2. f Sz, cos x)dx = — ff (\—g — ¢, sin y) dy,
where

y=x/2—=z
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480.1.

480.2.

480.3.

480.4.

480.9.

481.1.

981.2.

482.1.

482.2.

TRIGONOMETRIC FUNCTIONS

Integrals Involving tan x
ftanxd:c = — log |cos z| = log |sec z].
[See 452.11 and 603.4.]

f tan?z dr = tanz — z. [See 452.22.7

f tan®z dz = } tan?z + log |cos z]. [See 452.33.
ftan"zd:v = }tan®z — tanz + .
n—1
f tan* z dx = tin_ lx - f tan"2 z dz,
[n# 1. See452.8].
= x3 xﬁ 9
f“a“d’ =3t tis 105 +2835
62 oL, 222" — B, g2t
tiixomss® T @n F D! -
[#? < 72/4. See 415.03 and 45].
tan z dz _ 28 62
f z —*ty +75’”5+2205“‘+9><2835
22ﬂ(22n — 1)B" e
tert monentt
[:v2 < 7%/4. See 415.03 and 45].
dr
fm-l- + 5 + log |sin z & cos z].

[See 455.05 and .06.]

tan z dz dx z 1 .
ftanxi 1 f1 Teotnz '2'¥§10glsmx:bcosxl.

[See 455.03, 455.04 and 492.1.7]
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Integrals Involving ctn x

400.1. f ctnz dz = log [sin z|. [See 453.11 and 603.1.]

400.2. f ctn?zdr = — ctnz — . [See 453.22.]
490.3, f cti®zdz = — §ctn?z — log (sinz|. [See 453.33.]
490.4. f etn*rxdr = — tctn®z 4- ctnz 4 2.
etn" g
490.9. ctn*zdr = — pona R f ctn"2 z dz,
[n 1 See 453.8]
2 af 247 2°
1. =z-L - - -
491 f zetnzds =2 — g — 555 ~ G615 ~ 9 X 4755
2"B, atl
T @nF 1)':‘72
[See 415.04 and 45.]
401.2. fctnxdx=_l_g__a_:3___ 2z° z?
z z 3 135 4725 7 X 4725
o ZBn awa
@n = DEn)i”

[See 415.04 and 45.]

dz tan z dr
402.1. - .
f ltectnz f tanz = 1 [See 482.2.]

492.2. ctn x dx - dz .
l+ctnz tanz + 1

[See 482.1.]



INVERSE TRIGONOMETRIC FUNCTIONS

500.

The following equations do not refer in general to the multiple values of
the inverse trigonometric functions, but to the principal values. That is,
sin~! z and tan™ z lie in the range from — #/2 to =/2 and cos™' z and ctn—' &
in the range from O to =. Care should be taken in dealing with inverse
functions and in integrating from one point to another. A process of curve
plotting is frequently of assistance. Some of the graphs have more than
one branch, and in general, integration should not be carried out from a
point on one branch to a point on another branch.

1-32%  1.-3.517

545 V3467 .
[#2< 1. —7/2<sinlz <7/2].
[Expand 1/v(1 — z?) and then integrate it.]

T fp L8P 18T
502. cosTz =5 \1’—[—2_3—{-2.4.5—]—2_4'6.7—{- ,

[#?< 1. 0<coslz<7]
1 1-3 1-3-5

3
N T
501. sinly =z + 575 +

1
—1 = =
803. esclo=_toastogss T a6 T
[22>1. —7/2<esclz <m/2].
LT (1, 1 1-3
504.  secTz =3 <x+2-3x3+2-4-5x5
1.3-5
togers T )
[22>1. 0<seclz <ml]
23 Pl

505.1. tan—.lx=x—g—+g—77—+---, [272<1___I.
[Expand 1/(1 + 22 and then integrate it.]

1 1 1 1

_ T
505.2. tan1x=§—5+@——3;5+7—x—7——---, [x>1:|.
1 1 1 1
505.3. My e — T I .
5.3. tan~z 2 x+3x3 5x5+7x7 !
[z < — 1]

112
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- r 2/ 24/ 22 \?
sosa. twnts = i [14 5 () + F3 ()

2:4-6/ a* \?
tisa(rs) to e
[Ref. 31, p. 122.]

Tor these equations, tan™! z is between — /2 and =/2.

.= _ & _2 "2
506.1. ctntz =352 +3-FT% , [=? < 1].
1 1 1 1
I U . ST S L T
506.2. ctn~'z = — 3 + BB T T + .y [z > 1]
1 1 1 1
-1 P D e —— —— .
506.3. ctnlz ==+ polal | + 53T Tg + -,
[z < = 1]
507.10. sin~! (z & 4y) = nr + (— Dnsin™? 2z
P+

& i(— 1) cosh1 25
taking the principal value of sin~! (between — /2 and w/2)
and the positive values of cosh~* and of p and ¢. The quan-
tity ¢ = ¥— 1, and n is an integer or 0. The quantity z may
be positive or negative but y is positive.

507.11. The quantity p = V(1 + 2)* + ¢ (positive value),

and
507.12. g=V1 —2)*+ 4 (positive value).

Note that if y=0andz > 1,¢=2—land p + ¢ = 22.
Ify=0andz<l,¢g=1—zandp+g=2.

Alternative:
507.13a. sin* A = - 1 log. (£ N1 — A% + ¢4) + 2kn
or
507.13b. = glog. (& V1 — A% — iA) + Zkn

where A may be a complex quantity and k is an integer or 0.
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—1
For the square root of a complex quantity see 58 and for the logarithm 508. For small values of cos™ z,

see 604. The two solutions ¢ and b are identical. The one should be 1 4
used, in any given case, which involves the numerical sum of two quantities cos—lzx = [2 1~z + 3 1 -2+ 5 1 — x)?
instead of tbe difference, s0 as to obtain more convenient precise com- ”
putation. + i 1 —2)4. . ]
507.20. cos™ (z 4+ ty) 35
o . + The last term used should be practically negligible. The numerical value
= = (COS—I P +q + 2kx — 7 cosh™! P_zg\ of the square root may be taken from a large table of square roots, as in
! Refer. 65.
507.21. cos~! (z — iy)
- (c o5t o + + % + £ cosh~1 °+ q) , INVERSE TRIGDOFI;TROII‘\’/I‘/};}&‘I‘IR‘;SS FUNCTIONS—
where ¥ is positive, taki.n'g the principal valuz of cos™ (between 512.0. a sin—1 % — 21 . [1st and 4th quadrants].
0 and =) and the positive value of cosh~. See 507.11 and dz a (@ =z
507.12. . 512.1. % sin‘lg = i (a;_l— 2y [2ud and 3rd quadrants].
Alternative: d T -1
512.2. - cos™l 5 5 [1st and 2nd quadrants].
507.22a. cos'A = Filog. (4 + VA2 — 1) + 2kx * RACES D) 1_ 2%’
z
or 512.3. - cos™! e V@@= [3rd and 4th quadrants].
d x a
— y — 2 o — —-1 e .
507.22b. = +14log. (4 — VA4 1) 4 2k=x 512.4. e Pl g
where A may be a complex quantity. See note under 507.13. 512.5 d . _ —a
25 T LT o
507.30. tan-! (z + 7y) d z a
— 512.6. ——seclZ = —-———, 1st and 3rd quadrants].
= %{(% + D — tan‘l%/ ~ tan™ —l—x—ﬂ} ddx a z/ (2* — a?) [ a ]
@ et T2
+ 1:10 (1497 +2 512.7. g 56 o = 2 VACETD [2nd and 4th quadrants].
4 g€(1—-:1/)2-1—:!:2’ d x —a '
| 512.8. e escTl= = T — o) {1st and 3rd quadrants].
where the principal values of tan—! are taken (between — 7/2 dx e a
and =/2) and where « and y may be positive or negative. 512.9. e csc—lg = 5\-/@;‘_—02), [2nd and 4th quadrants].
Alternative: [Except in 512.4 and 512.5, ¢ > 0.]
507.31. tan~!(z 4 dy) = %loge % + 2kw,  [See604.]

[Ref. 46, Chap. XI.]



116 INVERSE TRIGONOMETRIC FUNCTIONS

INVERSE TRIGONOMETRIC FUNCTIONS—
INTEGRALS (¢ > 0)

515. f!s.in‘1 2 dzr = =z sin‘lg + v(a® — z%).

2 2
in—1Z =z (sin1Z) — 2 _ 42 gin-1 2.
.516. f(sm a) dz x<51n a> 2z + 2(a® — 2?) sin -

2

2
517.1. fx sin*l—gdx = (% — %) sin=? 2 211 \/(a2 — z%).

+3 (fv2 + 2a°)V(a® — =%).

3a4 4z
sin =
a

517.2. f:c2sin —dz =

?
517.3. f:t?sin—lde = (

+ ?-’15 26 + 32a?)y(a? — 2).

517.4. f ztsin1 Z da: = é sin1Z
5 a

+ —5— (32* 4 42%? 4 8a*)y(a? — 7).
i 1% gr = (2 — 5“6) 12
517.5, fa:5 sin~ = dz (6 96 sin -
+ —2—8—8 (82" 4 102%a? + 15za*)+ (a? — z?).
7
517.6. f BsintZdy = L gin1Z
a 7 a
2 45 (52° 4 6z%a® + 82%a* + 164a%) 4 (a® — z2).

PPN N ARPTE S | " Hdg
517.9, fx sin ad:c P e V@ =’

[n=—1]. [See 321-327.]

518.1, f%sin‘lgdx=§+ 1 &, 13 2

3332 T 0455
1-3-5 a7
tygeernt e, [F<dl
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518.2. lz sin— Z dx
z

1. .z 1 a+\/(a2——x2).
z

— —sin?= — ~Jog
z a a

1.z, 1T (e — 2?
518.3. fx3 sin ad:v = 58 Sin T e
1.z, 1 . 12 (e —2?
518.4. poc sin p dz = e sin Rl
1 a + V(a® — z?)
oo log —_—
518.9 L in1Zap = — in-
9. o o de = SV sin~! =

1 dx
tio1 [ ey 1
[See 341-346.]

520. f cos™! g dr =2 cos—lg — y(a® — z?).

2 2
1z =2 {001 ZY _ o, 2 _ 2 1%
521. f (cos a> dr ==z <Uos a) 2z — 24/(a? — 2®) cos p

522.1. fx cogtZ dx = <%2 - %—2> cos—1Z i s \/(a"’ — z2).
522.2. fx os12 d:c = § cos~1 E - = (x2 + 2a%)(a® — 7).
522.3. f z? cos‘lf—; dr = <§; ;39,(;4> cos‘lg
— 3i2 (22% 4 3za?)V(a® — z2).
522.4. f ztcosI=dr = 2 cosiZ
B2' + 42%° + 8af)V(a? — 23
522.5, f 2o cos 1S dx = (g—; - %is> cos 2

- 2% (87° + 102%a® + 15za%)v (a? — 22).
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522.5.

522.9.

523.1.

523.2.

523.3.

523.4.

523.9.

525.

525.1.

525.2.

525.3.

INVERSE TRIGONOMETRIC FUNCTIONS

7

z z x
2BeostZdy = X cos1Z
a 7 a

~ 3 45 (52° + 6z%a? + 8x%a* + 16a%)+(a? — 22).

n+1 41
n 1T d _ =z a2 1 " Hdx

fx CcOos T n+lcos +n+1 =’
[n= ~ 1] [See 321-327.]

T 1 23

f—cos de——log]x] ~ LT 3535

1.3 48 1.3.5 &

Si55a Taeraa v <]

1 x
= cost = dx
x

I

~ 1ot ? L 1 |at @ — =)
7 ©08 a+alog———x_‘.

1 o az, 1 .z @ -2
fxscos ada:—- 5.3 COS E+W°
l 1T _ 1 T V(a? — z?)
74 608 . dr = 3.3 008 p -+ Y
1 a+ < (02 (@® =% |
+ 7= log
6a®

1 1 T 1 z
— ~1 = e —1 2
f e dx (n Tz €08

Trn=1 f zn—l_\/(a2 N [» = 1]
[See 341-345.]

tan—! 2 dr =z tan—lg — glog (a® + 2%.

z ar
a?) tan™! -9

_1:—v =1 2
z tan adx 2(:1: + 5

—_— — S

22 2 3
x2tan‘1gdx=§tan‘1§—%+%log (a® + z?).
- 1 z ar®*  ax
3tan=1% dr = = (24 — gt a4 _ar | T
2% tan adx 4(15 a?) tan a 12-{— 7

INTEGRALS 119
i1 Z gy T g1 & 02 &2 o 2 4 2
525.4. f:c tan=t Zdo = T tant 2 — 2+ £F — Slog (a2 + 27,

2P lis ) S pap1? 0 &P o
525.5. f:c5ta,n ad:v 6(9; + af) tan . 30+18 5

a%_ad® | drt df?

6 —-1 [ hatadil pebadiN o dhadil
525.6. f tan d:z: 7 tan Y + 5% 7

+9?-10 (a® + 2%
14 %% J

n41 n+1
Y- _.z a2 a 2" Hdx ,
525.9. f z® tan dx nF 1 tan; a 7+ 1 f @ + 2
[n=—17 [See 121-128.7
1%y =2 L 2 2
526.1. f;;tan de =5 3 + 5o Teql + )
[2? < a%],
pe a a® a’ a
—-gloglxl +5—3"’_x3+52—x5_ﬁ+ Tty
[z/a > 1],
T a a a’ a
= plelel gt gt
[z/a < — 1]
For these equations, tan™ (z/a) is between — #/2 and /2.
1 iy 1.z 1 a? + x?
526.2. f 55 tan -C_E dz = 5 tan a Q—a" lOg —.’132
- 1 ay o 1/1 1 a1
526.3. f Stant2dz = — 2 (xz + a2> tan-1Z —
E: 1 1 a? + z?

1 4%, 1 z_ 1 1. a®+2?
526.4. f o tan (—de =—3a tan~ — 6ax2+ e log pe

1 a%, _1/1 1 4% _ 1 L.
526.5. f Stan > dz = 4<a4 x4> e o~ g T

526.9. f l,, tant Zdp = —
z a (

n -1 f :c"‘l(a2 + 2%’ [n = 11
[See 131-135.]
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528. Jr ctn™ 2 dr = g ctn™! s + glog (a® + 27

528.1. f xctn—12 ~de =3 (x2 + a?) ctn—l z + ax

528.2. J{ z% etnt g dz = 'flg’ctn*1 Ty glog (a® + =%,
528.3. f ctn—l“’dx——(x4—a4)ctn—1x+__92”_”.

a% et a%?
a+20 10

P A

28.5. ==,
’ 30 18 t 6

2P etn™1Z dx == (x“ + a%) ctn

7 a 42 28 14

mgl (a® + %)
14 log (@ z%).

528.9.

znH 2 a "y
c‘(n‘1 dr = — etn~1 = 4 f

7. 6 3,4 5002
528.6. f 28 etn12 dx-——ctn—lx-{-ﬂ_?l_’_?_f

+1 a n+1) @2F 22
[n# —1] [See 121-128.]
1 _z 7 z , 2 5 x7
529.1. 5 tnla élog]x[ +32a3 2a5+72;¢7— ceey
[2? < a%],
__a, a a? a’
- T 3223 5225 7207 ’
[z/a > 1],
al a’ a’
7r10g|x]—~——|—32x0 e e AR
[z/a < ~ 1]
For these equations, ctn=! (z/a) is between 0 and =.
1 X 1 z 1 a2 + x?
529.2. - -1 = = ~-1Z _ o —_ .
f = ctn G 2 ot p + o log p

L4

a51 2 2
+ 1 log (@® + 2%,

INTEGRALS 121
529.5, %ctn_lg = - .42_4 Ctn_lz + 1_22} _ 4_:?75
4—22 tan~! g
529.9. f :1% ctn‘lg = — .(7___11)7‘___1 ctn—lfg

a dx -
T a—1 f " (a? + 2%’ [n = 1]
[See 131-135.]
531. fsec‘1 dr =z sec“lg —alog |z + v(z® — a¥],
[0 < sec™! (z/a) < w/2].
zsectZ + alog |z + V(@ — a?)|,

i

[7/2 < sec (z/a) < 7.

531.1. f:v seo £ 4y = %fsec-l (Y
[0 < sec! (x/a) < /2]

2 T3 w/ (=* — a%,
[71'/2 < sec! (z/a) < 7.

2 sec
2

531.2. f x2 sec‘1 dx

1z

seo % — %yt — o) ~ Tlog [z + V(e — a7,

3
-3
[0 < sec! (z/a) < 7/2].

3

=¥ sec1Z
3

3
2t g V@ —a) + Flog [v + ¥ — )],
[7/2 < sec? (zfa) < 7).




122 INVERSE TRIGONOMETRIC FUNCTIONS
{ npor @ g, T g% _ 2*dx
531.9. fa; sec ad:c e n+1fv’(x2-—a2)’
[0 < sec? (z/a) < 7/2], [n—1)
_ it Y + a x"dz
n41 nt+1)IVZ =)
[7/2 < sec™? (x/a) < ar], [n=—1]
N 1-34°
32.1. = 1z =
5 zseont g de = Glog o] + 2 +233ﬁ+24ﬁ6ﬁ
1-3. 5a
+ ST 6T E +-- [0 < sec (z/a) < 7]
532.2. }5 sec1Z dx = — 11sec~1 z -+ Gk ,
z a ax
[0 < sec™? (z/a) < 7/2].
= — lsec—1 z_ ___\/(x2 — &)
x a ar ’
[7/2 < sec™! (z/a) < 7]
532.3. f ls sec L dx
z a
1 4z \/(ac2 — a?) e
=“‘2—“x25901 v —I—Za-zcos1 ;’,
[0 < sec! (z/a) < /2]
1 i NE@?—a? 1 e
2225 g 4az? T 4q2 08 ' z|’
[7/2 < sec™! (z/a) < 7.
z 2
532.4. f —secl=dr = — =— sec“lz g—g—xs,—al V(@? — a?),
[0 < sec™ (z/a) < 7/2].
1 T 222 4 a?
-— g;ésec 1a - ( 9a3x3 ) ‘\/(x2 — a2)
. . [7/2 < sec™! (x/a) < 7.
2 gec1®
532.9. f 7 sec dx
= —_— _1 x
(n - 1)::;"~1 see n -1 f x"V(xz - &’
[0< sec‘1 (:c/a) < /2], [ns=1].
1
T T = D S | f:c”\/(a:2 — a9’

[7/2 < sec™ (z/a) < 7], [n=1]

For 531-532.9, 22 > a2

INTEGRALS

123

534. fcsc—l-z—d:c=xcsc‘12~+alog|x+\/(x2—a2)|,

534.1.

§534.2.

534.9. f i csc'lgdx =

535.1.

535.2.

[0 < esec? (z/a) < /2]
= xcsc—lg — alog |z + (z? — )|,
[—7/2 < ese? (z/a) < 0].

—

z z2
1Ed:z;=§csc + < \/(xz—az),

f T ¢se™

[0 < ecsc (z/a) < w/2].
csc—lg - g V(z? — a?),

[—7/2 < ese™! (z/a) < O].

T2

fxzcse—l"—cdx
a
a3 z
—-—3—csc—1 + % \/(x -—a"’)—l——loglx*!-w/(xz—az)l
[0 < ese? (z/a) < 7/2].
x3 3
= gcsc—lg — gg\/(ﬁ ~ a2} — %log |z + V(@? — a?)|,

E

1
= ese

1 C8C
x2

[—7/2 < eset (z/a) < O]

zn csc—l z"dx
n+1 n+1f\/(x2—a2)’
[0 < eset (x/a) < /2], [n=—11
_ ™l esel & @ z*dx
n+1 ¢ n+1) Vv@2—ad’
[— /2 < cset (z/a) < 0], [n = —1]
aZ, _ _ {a 1 1.3 &
PR <+233ﬁ+2455ﬁ
' 1-3-5 4
tTeTeT T ) g
[—7/2 < esc (z/a) < w/2].
2 _ 2
—lxdx = _lcsc—lg:. — M’
z ax
[0 < esc™ (z/a) < w/2].
= — _l.csc—l :_b.. + M
z a ar !

[—7/2 < ese™! (z/a) < O]
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1 =z
535.3. fgcsc de

TP S A S SN I ) L.
222 % g 4qx? 12 %% |2
[0 < cset (z/a) < w/2].
_ 1 a2, V@ —ad¥ 1 e
52 S T T e T 3@ T |z
[— #/2 < esc? (z/a) < O]
1 .z, 1 g _@2+d) o
535.4. fx4csc de_ — 5,5 080 E_W\/(x a?),

[0 < esc? (z/a) < w/2].

_ 1 2%, (224 a?) s o
= TRt s V@ - @),

[— /2 < cse™ (x/a) < O],

535.9. f —1; esct Z gy
x a

o 1 I a dz
= ijﬁﬁwca_n—lfﬂwﬁ—ﬂy
[0 < esc (z/a) < /2], [ns=1]

__ 1 eselE 4 @ dx
T (n— Dzt a ' n—1]J) "= — a?’
[—#/2 < esc™ (z/a) < 0], [n 5 1]
For 534-535.9, 22 > a2

550. ¢ =14+ i+ [P ]

2
xloga+(xloga) 1.

550.1. 0 = e=Pee =1+

+Q%QL+“U [ < o],
_ z 2t 2 .
550.2. e”=1—ﬂ+m_3—! i [ < =]
x z . Biz? Bt ng“_&g_s
851 —i=l-gt5r—arter er T

[42 < 472 See 45]. [Ref. 34, p. 234.]

2 2,4 {ub 3ub 56u7
552.1. ein* =1+ u+5— 5 — 55— r T gt

41 ~ B 6l
[w? < o]

2 4ut 3148
552.2. ecosu=e[1—12i'+4~u,——é7;‘—+~-], [u? < .
w o, 9ut | 37w

u? 3
552.3. et = 14wt g+ o0+ o+ E -

[u? < w?/4].

2u® | Sut

5524, e lv = L+ ut g+ gy +gr o W <]

[Ref. 5, p. 92-93.]

2 3 4 5ub
552.5. etﬂn—1u=1+u+}f_.—zg_7u+_51f'_

51731 4T T

(W < 1]
The term in u” is a,u”/n!, where ¢np1 = an — n(n — Dan-1.
[Ref. 34, p. 164, No. 19.]

125
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552.6. ¢ + ¥ 4 I 4 o
= __*_ﬂ[ +e—1r2/:c + e ~22,2/22 +e—321r2/12+ ]

The second series may be more rapidly convergent than the first.
[Ref. 31, p. 129.]

553. lim z"e—* = 0, for all values of n.

T=—>c0

[Ref. 8, p. 132.)

EXPONENTIAL FUNCTIONS—DERIVATIVES
de® de*® da®

563. G- = 563.0. — = 5632 = = a*loga.

563.3. d;;z = ca®log a. 563.4. %’ — av(log a) X 2,
where a is a constant.

563.5. % = yur! %" + w¥(log w) %

563.6. %x; = ya¥1 + 2¥(log z) Z—Z

563.7. %?— = 7*(1 + log x).

EXPONENTIAL FUNCTIONS—INTEGRALS

565. f cds = ¢

565.2, f e*dr = — ¢ 565.3. f a*dt = a*/log a.

566. f F(e=)dz = % f f(z;dz

where z = ¢*®, Note that
a® = e= log a, and a® = e= log e,

567.1. fxe‘”d:c = g** l:f’. - —15]
a a

565.1. f e**dr = l e,
a

INTEGRALS 127

2
567.2. f ey = ¢ [’; 2z —2-]

' ad
567.3. f 2Pe®dy = e [ = a3 - aﬁz]
567.8. f el = T 2 f -lgoedly,
7 n—1 — n—2
567.9. f of oy = ¢ [% - n(n asl):z ~
! 1
+ (=22 g (e aﬁﬂ] [n = 0]

a?x? adx?

edx azx
568.1. fT—log[xI—I—T!—[—m-]-m_i_...

a*z®
+n.n!+.’-.‘, [x2<w]

568.11. For f %d—%, note that ¢® = e loge,

568.2. f e:f“’ =< + f dz [See 568.1.]
e**dx e ae®™ g (" e*dx .
568.3. f et [ [Seesosr]
edx e a e*dx
568.8. f P = - (n — 1)(17"_1 + n—1 P ’
[n>1]
] reedy et e _
368.9. f e e e O

_ ar—2e* a1 e“d:c
(n— 1z (n—l)!f

[n>1]  [See568.1.]

dr _ e
569. fmz—x—log(1+e’)—logmx

de  _z 1 "
569.1. fm?ﬁ—a—a)logla+be”l.
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“dr ol
570. i = .
.;r 1422 1+=z
2“dr aad
570.1. 7 - .
(I +ax)*  a®(1 + a2)

AL oy . eaz 1
575.1. f e sin ¢ do = ZTT (asinz — cos ).

eaz

575.2. f et ds = o0

(asin%: — 2sinxcosx+g>
a

. e . .
575.3. f e sin’z dr = pepy [a sin® z — 3 sin’z cos z

+

6(a sin x — cos x)]

at41

. . esinm g
575.9. f e*sin® r dr = E L (asinz — n cos z)
n(n — 1)
+ €% gin™—2 ,
o sin®~? z dr.

- - eaz .
576.1. fe cosz dr = pe (@ cos & + sin z).

ax ear .
576.2, f e cos? x dx = P <a cos’z -+ 2sin z cos x + Z) .

eG.I

a®+ 9

576.3. f e cotxdr = [a cos® z + 3 sin x cos? z

-+

6(a cos z + sin )
a+ 1 )

ar n—1
576.9, f e cos"rdr = %20—:_%2—9 (a cos z + n sin x)
-1
+ %(;—LW—) e* cos™ 2 x dx.

[Ref. 2, p. 141.]

. i .
577.1. f e* sin nx dr = prop (a sin nz — n cos nz).

577.2. f €* cos nx de = '—‘6—5 (a cos nz + n sin nx).

a® + n
[Ref. 7, p. 9.7

PROBABILITY INTEGRALS

, 585. Normal probability integral = ﬁ U[ :e—t2/2dt

| X
1 = erf — see 5007
: V2 [
. 2 1/2 xZ .'1;4 xG .
—x<7—r> [1 303 T 323 T B3 ]
[x?2 < o]

[See Table 1045.]

586. For large values of z, the following asymptotic series may

be used:
1 ® ity
—_— d
7ED —ze 4
2\1/2 g—2*/2 t,1.3 1-3-5,1-3-5:7
““(‘) x‘[l‘zz+—xr—7+T—"']'

where ~ denotes approximate equality. The error is less than
the last term used.

. 2 z
$90. Error function = erf z = —— f edt
v J,

2z [1 z2 + x4 28 n ] [22 < «].

Ty 113 T 25T 317
e 1 1-3 1:3-5
591, Elfol_m[l_Q_xE+W—W+ ]
592. Alternative form of the same series:
e 21 41 6!
Erfz~1--""r [1 ~ ey T 2iar  3izar T ]

The error is less than the last term used. [Ref. 9, p. 390.]

For tables of numerical values see Ref. 55e, Vols. I and II; Ref. 5. pp.
116-120; and Ref. 45, pp. 210-213.
129




LOGARITHMIC FUNCTIONS

In these algebraic expressions, log represents nutural or Napierian
logarithms. Other notations for natural logarithms are logn, In and log..

600. log.a = 2.3026 logy a. 600.1. logwa = 0.43429 log. a.
22 b 2t 2P

601. log(1+x)=x-—§+§—z g )

[ < land z = 17,

For z = 1, this gives a famous series: :

1.1
60101 log2 =13 +5—3+5—
[ 2 w3 4 5
601.1. log(l-—x)=—Lx+%+-§+%+%+,..],
[#2<landz = —1].
r B3 B
601.2. log(}-_l__z>=2Lx+§+%+%—+...],
= 2 tanh™ 2. [#2 <1]. [See?708.)
e+1\ _ 1, 1 1 , 1 ]
601.3. log(x_1>—2;+?+§g+7x7+ ,
= 2 ctnh~t . [22>1]. [See 709.]
z+1y o[ 1 1
601.4. 10g< - )—2L2x+1+3(2x+1)3

+ 502z 4 1)5"' ] ’
[(2z + 1)2> 1] [Ref. 29, p. 6.]

3
601.41. log (z + a) = logz + 2 [23; (fl- a + 3(2xa—|- a)?
a5 oo 2 2 .
+ 5oy ], [a? < 2z + @)*]

(x—1)2  (®—1)°
5 T3

+ .- [0 <z=2]

601.5. logz = (x — 1) —

(x — 1)
T T4

z—1 (=12 (z—-1°%, N
601.6. loga:=——a—;——+ 57 + 55 + .-, [z> 3]

130
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_ofz—=1, =1  (x—-1)%
601.7. 10gx—2[x+1+3(x+1)3+5(x+1)5+ ],

602.1. log [g T \/Ciz + 1>]

z 128 1.3 25 1.3.5
S 238 T2aBs " 246Ta T

[2? < a%].
2z 1 o 1-8 o 1-3-5 qf

[z > 0].

=gyt T rras T oaees
[z/a > 17.
_ 2z 1 a? 1.2 a* 1-3-5 4°
=—lg| T 53 Tanas sa66s T
[z/a < — 1.
= sinh? % = ¢sch—12. [See 706.7]
a z

") [2? z] z x?
602.2. log \/<a—2 + 1) ~ | = o [E + \/<&5 + 1>]
Use the series in 602.1 and multiply by — 1.

— 2 N 2 1 2 1. 4
602.3. log -:-+\/<%_.1> =1og_x_§._2%_._30_

— g S, [ofa> 1]

z 1 o 1-3 o 1-3-5 af
=l Tt et rir Tadees T
[z/a > 1]
2
= — log [g + \/(-25 - 1)] [See 602.3 and 707.])
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2
602.5. log [% + \/@ + 1>]

a 1 o 1-3 & 1-3-5 o

z 2328 ' 2.4-525 2467x7+

[x“ > a%]

2a 1 z? 1-3 «* 1-3-5 «°

=le—+toss"2d0dg T 3466a
[afz > 17].
2a 1 2? 1-3 1-3-5 2af
=—log| "\~ 55t 5 adg 24664
[a/x<-—1].

1 /a2 2
502.6. log [V(% + 1>— %] = — log [% + \/@; + ]>] :

Use the series in 602.5 and multiply by — 1.

a a? _ 2a 1 22 1-3
602.7. log [5 + \/(55 - 1>] = 10g—x— T 992 24-44t

2a _1_:c2 1-3 1-3-5 28

=-lg Tt tatia Tra60a
[a/z > 1]
a a? .

~log |2 @ _ 10.

log [x + \/<x2 1>] : [See 710.]
(. o2t gt 28
603.1. log [sinz| = log |7| — % ~ 130~ 9535

22n—lB"x2n R 0
T Tremt ! [2* <77]
[Integrate 415.04. See 490.1 and 45.]

603.2. log|sinz| = — log2 — cos 2z — 295’2&—@—9%6—:5 — ey

[Ref. 38, p. 275.] [sin z = 0].

[See 602.1 and 711.7}

INTEGRALS 133

4 6 3
603.3. logcosz = _z_ gt 18
_ 22n—1(22n - I)anZn .
n(2n)! o
[2? < #?/4]. [Integrate 415.03. See 480.1 and 45.]

603.4. log|cosz| = — log 2 + cos 2z — cos24x + COZGI — e
[Ref. 38, p. 275.] [cosx == 0.
1 2 sin*z | sin®z

603.5. logcosz = 5 [sm r+ — +—3—

sin® z

+ = +] [ < #2/4].

2
603.6. 1 = z
og |[tanz| = log |z| + 3 —1— 2835

2211(227:—-1 _ I)anZn
(@) T
[2? < 7%/4]. [See 415.06, 432.10 and 45.))

604. log (¢ + iy) = logr + (8 - 2xk),
where r = « (2* 4 ), cos 0 = x/r, sin § = y/r, k is an integer
or 0, r is positive, 7 = v (— 1). [Ref. 5, p. 3.]

604.05. z 4y = reiCian), [6in radians.] [See 6¢4.]

604.1. log (— 1) = log 1 + (2k + D)rs
= (2k + D, [See 409.03.7)

605. hm zlogz = 0. [See 72.7

LOGARITEMIC FUNCTIONS—INTEGRALS
610. flog:cdx~xlovx—:c

610.01. [log (az)dz = zlog (ax) — z.

72 2
610.1. fxlogxdx =g logz _%.

3.
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610.2,

61C.3.

610.9.

611.1.

611.11.

611.2.

611.3.

611.9.

612.

612.1.

612.2,

612.9.

613.1.

613.2.

LOGARITHMIC FUNCTIONS

28 28
2 = -_——
fxlogxdx 3log:c 9

4

4
3 =T -~z .
fx log z dr T log 6

+1

f z? log (az)dz = + e | log (az) — @ —I— @ F 12’

bp = —1]
log z iz = (og z)* .
z 2
log (az) , 1 9
f—_x dx = 3 {log (ax)}?
f log z d logz 1
2 = 5% __ .
x x z
logxd _logz 1
f x3 T 222 4g?
log (ax) d log (ax) 1
/= @ - Do - D
[p=1]

f (log 2)%dz = z(log z)? — 2z log = + 2z.

2y = 2 2 _ % z?
fx(log z)idz = 3 (log x) 3 log z + 7
f 22(log z)%dz = (Iog z)% - __90_3 log = + 22?

P(log 2)2de = S (log 2)? 2274
fx(ogx) x—m og x) BRCES: og T

2xp+1
+ W’ [p = —1]
(log x)’dz _ (log z)°
f z T3
(log x)?dx _ _ (logx)* 2logz 2
72 - z z z

INTEGRALS 135

(log z)%dz
613.3. f D

(logz)? logz _ 1

272 22 iz’
613.9. f (logz)’dz _ _ _(Qogz)® _ _ 2logs
z® ( — Dz (p — 1)%P?
2
B = R LR

614. f (log z)3dx = z(log z)® — 3z(log )2 + 6x log z — 6x.

615. f (log 2)%dz = z(log z)? ~ ¢ f (log z)*~'dx,

[g=—1]
(log 2)4dx  (log z)2+ -
616.1. f D2 - qg+)1 , [q = ~ 13
+1
616.2. f 27 (log )%z = = p(}*‘fgl‘”)q -5 < f 27 (log £)*-dz,
Ep; q#F — 1]‘
(log 2)%dz _ — (log z)? q (log ) 'dx
61603h f xp - (p . 1)@1’—1 + p _ 1 xp 2
[p, - 4q # 1]'
dr (log x)?
617. fl—ogx = log |log z| + log z + 391
(log z)®
+Sar e
rzdr _ (2 log z)?
617.1. fogz = log |logz| 4+ 21logz + YT
(2 log z)?
+ g e
2%dx 31 2
617.2. oz 7 = log |logz| 4+ 8logz + _(__z_o_.gz!_i)_
4 @log)®

3-3!



ﬁ
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xPdx
617.9. ooz = log |logz] 4+ (p + 1) logx
(n L 1\21ao »)2 (m L 1\3(1no »\3
\Y 1 L) Vs v A\ ) VS Wy
+ 2.91 + 3-31 +oeeey
vd :
[:fe y = (p 4+ 1) log z. See568.1J.
618.1 T og |1 [Putlogz =y, z = ev
.1, fxlogx_o" og z|. Putlogz =y, z = ¢v.]
dx (log 2)*
618.2. fx2logx log |log z| — log z + ~52=~ 5.3
_ (og z)?
I
dx (21og z)*
= | — Sl =S
618.3. f oz log [logx| — 2logx + 291
(2 log z)?
33l T
618.9 _dz log [logz| — (p — 1) logz
e Z? log
(p — 1*(log 2)*  (p — 1)*(log z)®
T 3.3t
dx -1
o901 [ gz = G Hlesm a7 1
xPder — gPtt p+1 zPdz
0192 | Gogoy ~ G- Dogn T 7—1) Togn)™’
[g#=1]
dz -1
619.3. f ?og )¢ 2*I(g — 1){log 2)7!
_p—1 dz
g-—1 f 2?(log )’ L= 1]
620. f log (a + bx)dzr = 2 _; bz log (@ + bz) — z.
620.1. 2 og (0 + b2)ds = 25 =% log (q + br) + 9% — 2,
: ' 262 ° 26 4

INTEGRALS 137

621.1. J’ log (a 1— br)dz

- .. br b B bRt
= (10ga)10gx+7—-22—az+§%§—@+ Ty
[b*2? < a%].
_ (Qoghz)? a , a a a .
=3 bz T e T 3 T ,
[b%?% > a?]. [Ref. 5, No. 439.]
621.2, IM = glog T~ G + §> log (a + bzx).

x2

2

621.9.

z (p — Do
bdx
+ [ e=va e
[p=1].  [See 101-105.]

622 logzdz _ (logx)log (a +bx) log (a + bx)dx .
‘ f a + bx b f bx
[See 621.1.7

f log (@ + bx)dxr _ _ log (a + bx)

623. f log (22 + a¥dz = zlog (2% + a?) — 2z 4 2a *an“l z.

[(«? 4 a?) log (2 + a%) — 2%].

DO =

623.1. f 2 log (2 + a¥dx =

623.2. f 22 log (x* + a®dz = % [x3 log (2% 4+ a%) — §x3

+ 2za? — 2a° tan™! g] .

W =t

623.3. f 2% log (2% + a¥dz = [(z“ — a¥) log (2% + a?)

z* 2 2
5 +:La]

[x log (22 + a?) — gaﬁ

[

623.4. f ztlog (2® + a¥dz =

g 28a? — 2za* + 2a° tan™? g] .
3 a
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623.5. f P log (&% + a)ds = %[(x“ + o) log (2% + o)

2% | 2a? ]

-— 22 244,
+2 z2a

34

2
623.6. f 2%log (2% + a®dzx = 1 [aﬂ log (2 + a?) — = .

+ x"’a - —x3a4 + 2za® — 247 tan-! a] .

623.7. f 3" log (2 4 a?)dz = % [(:z:8 — a8 log (2% + a®

_F_.._....ca,__,-

~ 173

6 4,
a
2B e oz xza]-

624. f}og tz? — a?|dz = zlog |2? — 2| — 2z

-l—alogz

2
524.2. fleog |2? — a?|dz = 3 [z""log |22 — g?| — §x3

+a
—-a

- 2za® + & log

624.3. fﬁlog |2? — a?|dz =%[(x“— 4 log |2® — a?]

1 2
624.4. f:c“log |2? — a?|dz =5[1;510g [2? — a?| -—-Ex5

r+a
—-a

- gx"'a'“’ — 2za* + d° log

624.5. fﬁlog |2? — a?®|dz = % [(ar;6 — a® log [2® — a?|

% zla? ]

—3 -3 .

+a"
- a

324.1. f:c log {2® — a¥|dz = % [(=? — a®) log |2? — a?| — 2%].
xé —_— 2521,
—_ —2— za]

INTEGRALS INVOLVING r = (x? 4 g?)12 139

624.6. fxsloglxz-—ﬁ[dx:%[xqog |22 — a2 ——?x’

z+a

- 2 gt 7
x5a z%a 2za8 -l—alog —

624.7, f:c7 log |22 — @?|dz = é [(:c8 — a8 log |2% — a?]

338 l‘6a2 IL‘4 a4 0 6
xra

When integrals of the type /fz?log (a? — 2?)dz are required, these ex-
pressions can be used.

Integrals Involving r = (x* + @?)!2
625, f log (x 4 r)dz = zlog (z + 1) — r. [See 730.]
‘The positive value of r is to be taken.,

_[5® | a® zr

625.1, zlog (z 4+ r)dz = 5 + T log (z + 1) — T
[See 730.1.]

2
625.2. fx“’log (z + r)dx = glog (z+7r) — %3 + 23—7-

[See 730.2.]

623.3. f 2log (z + r)dz = (%4 - %) log (x 4+ 1)

— % + §3§ a’zr. [See 730.3.7
625.4. fx“ log (z + r)dz = —x;—Iog z+r) — ﬁ
+ ,— a¥r® — g“_r . [See 730.4.7
625.9 plog (¢ + r)ds = ]
9. f:c og:v+r)x—p+log(x+r)
-+,
1 2Ptz [p = —1].

BVESY Rt
[See 201.01-207.01 and 730.9.]
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1 z z?
626.1. f;log [&- + \/<$ + 1>] iz
T

1 8 1-3 x5_ 1-3-5 _ai_}_
24550 246778 *
[? < o]

=l<10 2_90)2_}_2? 1-3a* 1-3-5d°
2 \"%% B TP 2.4.60 4 ’
[z/a > 1].

=_l(10 2_7£>2+_1_<f__1_'§a_4 1-3-5a° _
2 a 2% 2:432* " 2.4-6%28 !
[z/a < — 17]. [S3e731.1.]
626.2. f g+n _ _log@+n 1, Jatr|
T z a x

where r = (22 4 a?)'2,

626.3. fw__w_ r

[See 731.2.7]

e o2 5otz [See 731.3.]

' " log (x 4 1) log (z -+ 1)
626.9. J e =R f prn

[p =11 [See 221.01-226.01 and 731.9.]

Integrals Involving s = (x — a%)1/?
627. f Iog (z + 8)dz = zxlog (z + s) — s. [See 732.]
The positive value of s is to be taken.

' 2 2
627.1. f rlog (z + s)dr = (5 - %.) log (z + s) — %s .
[See 732.1.7]

2
627.2. f 210"(x+s)dz—-—log(x+s)—S—g_a_s'

3
[See 732.2.]
4 4
627.3. f 2 log (x + 8)dz = <% - §§_> log (z + s)
3
— x;m 332 a’rs. [See 732.3.]

627.4.

627.9.

628.1.

628.2.

628.3.

628.9.

630.1.

INTEGRALS INVOLVING s = (x2 — a?)12 141

b

f:v“log (z 4+ s)dz = glog (z +s) —

2 .. s
T [See 732.4.7]
fxplog (x + 8)dx = +110g (x + s)
1 2PHdy
~r ¥ f s [#=—-11

[See 261.01-267.01 and 732.9.]

f}. log [E + \/<“_z - 1>} do

1 la 1-3a* , 1-3-54°
=§<1g >+ + x4+ x6+

P2 T 2.4 2-4.6°
[z/a > 1]. [See 733.1.]
f log (x2+ s) dr = _log (= 4- s) sec‘l z ,
z z a
[0 < sec™! |z/a | < w/2]. [See 733.2.]
log (z + s) _ _logx+3s) | s
f 23 de = - 212 o

[See 733.3.]

log (z + s) _ log (x + s) 1 dx
f 2? dv = — (p — Dar™ + p—1 f wrts

[p#1]  [See 281.01-284.01 and 733.9.]

3 5

: z z
flogsm:cdx =zlogz —z — 5 ~ 506
' Q2n—1R g2n+l
TG " a@nipr - O<e<Tl
[See 45.] [Integrate 603.1.]

sin 2z sin 4z _ sin 6z
2 2-28 23 ’
[Integrate 603.2.]

= —zlog2 -

[0<z <]
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2 2P ‘i
530.2. flogcos:z:dx——6—-—66—:‘3_1.5

1722 gwign _1)B

T 22680
[2* < #?/4]. [See 45.7 [Integrate 603.3.]
sin 2z sin4z | sin 6z

= —zlog2 + 5 T 5.0 + 58 —
[2? < #%/4]. [Integrate 603.4.]

630.3. l’ogtz«:t,n:vdac=:z:logac—ac-i—x—a—l-?—wi

9 450
6227 22201 — 1)By 40
Tiss T T e ° T
[0 <z <w/2] [See 45.]] [Integrate 603.6.]

’ 142

R@nEDl ST

631.1. fsin logzdr = 1:csin logz — 1:z:cos log .

2 2

631.2. f coslog x dz = %x sin log = - %x cos log z.

as I N o
632. fe log z dz = ¢ log z af - dz. [See 568.1.]
[Ref. 20, p. 46, No. 106.]

Lambca Function and Gudermannian

640. If z = logtan G + g) = log (sec # 4+ tan 6)

8 = gd x = the gudermannian of z = 2 tan™ ¢ — g

641, 2z = gd—'9 = A\(6), the lambda function.

642.1. sinh z = tané. 642.2, coshz = secd.
042.3. tanh z = siné. 642.4. tanh (z/2) = tan (6/2).
—1
642.5. dedz = gech z. 642.6. dgd” e = sec x,
dx dz

[—7w/2 <0< 7/2]

1f 6 is tabulated for values of z, the hyperbolic functions may be obtained
from e table of circular functions.

650.01.
650.02.

650.03.
650.04.
650.07.
650.08.
650.09.
650.10.
650.11.
651.01.
651.02.
651.03.
651.04.
651.05.

651.06.

651.07.

651.08.

651.09.

651.10,

651.11.

651.12.

651.13.

HYPERBOLIC FUNCTIONS

cosh?z — sinh?z = 1,

sinh z = +/(cosh? z — 1), [z > 0]
= — 4/(cosh?z — 1), [z < 0]
cosh z = /(1 + sinh?z). 650.05. sech z = 1/cosh z.

tanh z = sinh z/cosh z. 650.06. csch x = 1/sinh z.
tanh? z 4 sech?z = 1.

ctnh?x — csch?z = 1.

sinh (— z) = — sinh a.
cosh (— ) = cosh z.
tanh (— z) = — tanhz.

sinh (z &£ y) = sinh z cosh y & cosh z sinh y.
cosh (x & y) = cosh z cosh y £ sinh z sinh y.
2 sinh z cosh y = sinh (z 4+ y) + sinh (z — y).
2 cosh x cosh y = cosh (z 4+ y) + cosh (z — y).
2 sinh z sinh y = cosh (z 4+ y) — cosh (z — y}.

2sinhx+ycoshx — Y.

1l

sinh z + sinh y

2 2
sinh z — sinhy = 2sinhx;ycoshx;_y-
coshz 4 coshy = 2coshx;:ycoshx -2— Y.

x4y . T—y
5 sinh 5

cosh z — cosh y = 2 sinh

sinh? x — sinh? y = sinh (z + y) sinh (z ~ y)
= cosh®?z ~ cosh?y.

sinh? z 4 cosh?y = cosh (z 4 y) cosh (z — %)
= cosh?z + sinh?®y.

1

esch®? z — sech? z = csch?z sech? sz = —5——=5—"
sinh? z cosh? z

(sinh z 4 cosh z)* = sinh nx + cosh nz.
143
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651.14.

652.12.
652.13.
652.22.

652.23.

652.3.
652.4.

652.5.

652.6.

653.1.

653.2.

653.3.

653.4.

653.5.

653.6.

653.7.

653.8.

HYPERBOLIC FUNCTIONS

1

sinh z 4+ cosh z

sinh 2z =
sinh 3z =
cosh 2z =
cosh 3z =
sinh? z =

= cosh 2 — sinh z.

2 sinh z cosh z.
3 sinh 2 4+ 4 sinh’ 2.
cosh? 2z 4 sinh?x

2sinh?z 4+ 1 = 2 cosh?z — L

4 cosh® z — 3 cosh z.

L(cosh 2z — 1).

cosh? z = L(cosh 2z + 1).

X
s1nh§ =

T
cosh 5 =

tanh (z &+ ) =

V{3(cosh z — 1)},
— V{3(coshz — 1)},

v{%(cosh z + 1)}.

tanh z 4- tanh y
i =4 tanh z tanh y

tanh <

tanh 2z =

tanh & tanhy =

tanh £ — coshrz —1  sinhzx
2 snhx = coshz +1
_ _ctnhxetnhy £ 1
cbuh (z £ y) = ctnhy =+ ctnb z
_ctnh?z 4 1
ctnh 2z = ~Senha
ctnh £ = sinhz  coshz + 1
2 coshz — 1 sinhz

2

coshz + coshy

x:!:y> __ sinh z &-sinh y

2 tanh z .
1+ tanh®zx

sinh (z &+ ¥) .
cosh z cosh y

[z > 0]
[z < 0]
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654.1. sinhz = %(eI — ™)

Y optp - 1
=3 <logE T Tog x)’

where log.™ denotes the natural anti-logarithm. This may be taken from
a table of natural logarithms if series 550 is slowly convergent as with
large values of z. By noting thut log. ™tz = logis* (.4343z), a table of
common logarithms can be used.

654.2. coshz = % (e® + ™),

Y optg 4 L
=3 <log6 z + Tog x> .
[See note under 654.1.]

— p— 2r __
654.3. tanhz = e =9 1

x + % 621 __I__ 1
654.4. coshz + sinhz = ¢*. 654.5. coshz — sinhz = ¢=.
654.6. sinh {ix) = ¢ sin z. 654.7.  cosh (i) = cos z.

654.8. tanh (iz) = ¢ tan z.
655.1. sinh (z &+ 7y) = sinh z cos ¥ == 7 cosh z sin y.
655.2. cosh (z =+ 7y) = coshz cos y & ¢sinh z sin y.

sinh 2z + ¢sin 2y
cosh 2z + cos 2y

655.3. tanh (z £+ 1y) =

sinh 2z F 7 sin 2y
cosh 2z — cos 2y

655.4. ctnh (z -+ 2y) =

656.1. sinh 0 = 0. 656.2. cosh0 = 1. 656.3. tanh0 = 0.

657.1. sinhx=x+ —I— + +---, [2? < ©]].
657.2. coshz =1 + + + + [22 < o]

- 96_3 _2_ 5 ol a®
657.3. tanhz =z +1E 310 T 5835 2835
(— D222 — 1) 5 oy .
] + e
[2? < 72/4. See 45].

— e 4




657.4.

657.5.

657.6.

657.7.

657.8.

667.1.

667.2.

667.5.

667.6.

HYPERBOLIC FUNCTIONS

For large values of z,

2 2 2
tanhx:l_e—z’;_l—e?‘_e@-'_""

1,z 22 22 z
ctnhxwz+§—z5+ﬁ—5——m+-..
(_1)n—122n ont
T T BT

[#* < 7% See 45]

For large values of z,
2 2 2
ctnh z = 1+E§;+6T,'+67‘2+

1385

8!””8“

2
sechz =1 -—;—!+‘%z4—%x“+
— 1)
+ ((2n-))z“ Bogi® e,y
[22 < 7%/4. See.45].
728 3128

1 =z
cschz =z -5¥360 Dt
2= D2 = 1) 5 oy
+ @n)l Bua™ A ey
[22 < #% See 45].

HYPERBOLIC FUNCTIONS—DERIVATIVES

dsithz _ cosh z. 667.3. dtashz sech?® z.
dz dx
deoshze . detnhz 2
e = sinh z. 667.4. e = — csch? z.
dsech z = — sech z tanh z.
dx
d CZCh L = — csch z ctoh z.
z

INTEGRALS INVOLVING sinh x

HYPERBOLIC FUNCTIONS—INTEGRALS

670. An integral of a trigonometric function often can be
changed into the corresponding integral of a hyperbolic func-
tion by changing z to iz and substituting

sin (7z) = 7 sinh z, cos (i) = cosh z, tan (¢z) = { tanh z, ete.
[See 408.10-.15.]

This substitution is useful also with other classes of formulas.

Integrals Involving sinh x
671.10. f sinh z dz = cosh z.
671.101. f sinhfdx =aqa cosh:f-
o a
671.11. f z sinh z dz = x cosh ¢ — sinh z.
671.12.

f 22sinh x dr = (2% 4 2) cosh ¢ — 2z sinh z.

671.13. f 2% sinh z dz = (2® + 62) cosh z — (32% + 6) sinh z.

671.19. f 2P sinh zdx = zP coshz — p f 271 cosh z dz.
[See 677.1.]
671.20, sinb? z dz = sinh 22 _ 2 .
4 2

‘ .12 _zsinh2z  cosh2z 22

671.21. f:c sinh?z dx = 1 3 i
3
671.30. f sinh® z dz = 0—0532—2; — cosh 2.
.14 _ sinh4z  sinh2z | 3z
671.40. fsmh zdr = 35 T + 3

671.90. f sinh? z dx = ;1) sinh?1 2 cosh & — = ; 1 f sinh?2 z dz,
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672.11.
672.12.

672.21.

673.10.

673.11.

673.19. f

integrate,

673.20. f -5

673.21.

673.30.

673.40.

673.90.

B75. f sinh mz sinh nz dx =

=

HYPERBOLIC FUNCTIONS

28 ol z
d=etsmtgmtrnt o
de = — Sm;”’ + f "Oih”dx. [See 678.11.]

1 1 [ cosh2zx .
[See 678.11.7]
f csch z dz = log tanhgl

11 coshz + 1

T2 08 cosha — 1
2 n e 3147 1272°
3.3 ' 3.5.5t 3.7-7! 7 3-5-9!
222 — 1) 2n41 ‘
0 Gy B
[2? < 7% See 457

1

1 Y4
. by 657.8, multiply by 2? and

[p=0L

Txpand

= f esch? z dz = — ctnh z.

— = = — gctnhz + log |sinh z|.

— = f csehd x dx

_ cosh z
2 sinh? z

ctnh?® 2 .
3

1 z
—élog‘tanh§[=

= c¢tnhz —

_ cosh z p—2 dz
T T -—ID)sinh* Tz p—1 f sinh*2z’
p>1]

sinh (m 4+ )z sinh (m — n)z
2m +n)  2m—mn)
[m? = n2.  If m? = n?, see 671.20].

INTEGRALS INVOLVING cosh x 149
Integrals Involving cosh x

677.10. f cosh z dz = sinh z.
677.101. f coshZ dz = asinh z.
a a
677.11. f z eosh z dx = z sinh z — cosh z.
677.12. f 22 cosh x dz = (2 + 2) sinh z — 2z cosh z.
677.13. f 28 cosh z dr = (4® + 6x) sinh x — (322 + 6) cosh z.

677.19. f 22 coshz dr = 2P sinhz — p f 27! ginh z dz.
[See 671.1.7]

677.20. f cosh?z dz = 2&2 + .;.

i 2
677.21. 2z cosh? ¢ dz = z sinh 22 _ eosh 2z i 72

. 8 i

s 13
677.30. f cosh®z dzx = Smél z - sinh z.
4 _ sinh4z | sinh2z 3z

677.40. fcosh L

6'77.90. f cosh? z dz = % sinh z cosh® !z

+ ?%1 f cosh?2 z dzx.

cosh z 72 o 5
orel f s Ll temtontea T
678.12. fcos};xdx _ _coshz + f Smhxdx.
z z p
[See 672.11.]
cosh’zdr 1 1 ( cosh 2z
67821 | ———— = glog [z| +§f 22 4(22).

[See 678.11.]
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679.10. f v _ f sech z dz = tan™! (sinh z)
cosh z

= 2tan' ¢* -+ constant.
? 4 6 8 10
679.11. f zde _ ozt gt 52 6la® | 1385

coshz ~ 2 " 421 T 641 861 T 10.8]
(_ 1)"En

@ oeEs T
[#* < w?/4. See 45].

_...+

cosh z cosh
integrate, [p = 0]

x?dx 1 .
679.19. f . Expand by 657.7, multiply by z? and

679.20. f ——dL = f sech? z dr = tanh z.

cosh? z

679.21. f _wdr_ = z tanh x — log cosh z.

cosh? z
679.30. f cogﬁ; -~ - 2Sé§:hfx + 3 tan"t (sinh z).
679.40. f &é%‘;; = tanhz — tan?fla z.
679.90. f coglfp z (o — Sli)DiIOZh"—1 z + z : ? f cos}(ff—z z’
[p > 11

681, f cosh mz cosh nz dz
_ sinh (m + n)z n sinh (m — n)z
T 2(m + n) 2(m — n)
[m? ¢ n*]. [If m? = n? see 677.20.]

>

dz
682 -01 . f éos_hg—;—.—.{__]_

dx
582.02' f c—()sm -_—

= tanh 92—3
— ctnh g

z dx x z
682.03. fm =2 tanh 3 -2 log COSh §-

INTEGRALS INVOLVING sinh x AND cosh x 151

682.04. f z dz

z
— + st
s =1 —chnh2+2log

L1 T
s1nh§l-

cosh = dx z
682.05. f m = r — tanh §'

cosh z dz x
682.06. fCOST?Ti =T — ctnh §°

682.07. f =i (Cg:h - = tan” (sinh 2) — tanh g-
682.08. f i (Cg:h 71 = —ten”' (sinhz) — otnh 2
682.09. f (coshd++1)2 - %tanhg - %tanh"'g-
682.10. f@B‘sh_(?:T)@ = %ctnhg - %ctnh3g-
682.11. fwdi—ﬂ - 2—3/2cosh—1 <%}ng—;1—1>

Use the positive value of the inverse cosh.
682.12. f Coshfz — = f sijlfzx = —ctnhz. [See 673.20.]

Integrals Involving sinh x and cosh x

sinh’z _ cosh’z
2 2

685.11. f sinh z cosh z dz = -+ constant

cosh 2z
4

-+ constant.

cosh® z

3

685.12. f sinh z cosh? 2z dz =

cosh? z .
4

685.13. f sinh z cosh® z dz =

cosh?t z

S E1 [p = — 1]

685.19. f sinh z cosh? z dz =
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H 3
685.21. fsinh2:ccoshxd:c = s1_n3h__:'_z:.
Y 9 _ sinh4r z
685.22. f sinh? z cosh? x dx = —55  — 3%
685.31. f sinh® x cosh x dz = Smll{ z.
inh?+!
685.91, f sinh? x cosh x dx = E%lhﬁ ’ [p=—1]-
686.11. 4 log |tanh z|
sinh z cosh z )
dx i z
686.12. f sinh z cosh®z ~ coshz + log| tanh 5] )

686.13. f sinh a:d;vosh3 r 2 coih2 T + log [tanh ].
086.19. f sinh xd:oshp z (-1 lcosb”—1 T
+ ST @#1
686.21. f sinh? z;fzosh z sinil z tan” (sinh 2).
686.22. f = — 2cnh 2,
086.31. f sinh® ;;ia;:osh z 2 siih*x — log [tanh z].
686.91. f sinh® :i:dzcosh z (- l)lsinh"—lx

dx
- f‘sinhp‘zz cosh z’ (p =11

687.11. fw = ftanhx dx = log cosh z.

cosh z
[See 691.01.]
sinh z dx 1 :
687.12. f oshfz = "oz sech z.

INTEGRALS INVOLVING sinh x AND cosh x 153

sinh z dz 1 tanh? z
687.13. f ——C—(-)ShTﬁ- = - 3 cosh? z = ) + constant.

sinh z dz 1 -
687.19. f cosh?z ~ ~ (p — 1) cosh? Tz’ [p = 1.

3 2
627.21. f sinh®s ;- — sinhz — tan~! (sinh ).
cosh z

3 2
687.22. f S‘nh2 g f tanh?z = z ~ tanh z. [See 691.02.]
cosh? z

sinb? sinh x
887.29. f cosh?z ¥ T T (p = 1) cosh* g
1 dr
+p—1fcosh”—2x’ lp =1l
sinh® z | sinh?
687.31. f wosh 2 dx = 5~ log cosh .
sinh®
687.32. f coch? z dz = cosh z + sech z.
. 3 2
687.33. f %}ﬁ% dz = f tanh®z dz = — tanél 24 log cosh z.
[See 691.03.]
687.34 sinh3xdx _ 1 _ 1
o cosh*z ~  3cosh®z coshz
sinh?® z 1 1
687.39. f cosh? z dv = (p — 1) cosh* Tz (p — 3) cosh”=z’
[p # 1Lor3].
sinh?-? z tanh? 1z
= 11
687-7- f COShpx dx p — 1 ? [p # ]
688.11. f‘—;%—;dx = fctnh:cd:c = log |sinh z].
[See 692.01.]
cosh z 1
688.12. f SnhE a dz = — e csch z.

cosh z 1 ctnh?
Babdidliod = —— == tant.
688.13. f Sl 2 dr S nlE s 5 + constan
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coshz ., 1 . . dz _ 1
688.19. f sinh? z -7 (p — 1) sinh?t 2’ [p =11 589.03. f sinhz(coshz + 1) ~ ~ 2(coshz + 1)
< & . < 1 | o '
2 i = Z1.
688.21. r C;l)zg ; = cosh 2 + log l tanh g l . + 2 log l tanh 2 l
T : 1 5 dz i
cosh? z 689.04. fsinh z(coshz — 1) ~ Z(coshz — 1)
688.22. f T dr = fctnh%cdx = £ — ctnh z. 1 r
sinh® @ ~3 log | tanh 5 I
[See 692.02.] sinh z dx cosh
689.05. f — log <___> :
cosh? z cosh = cosh z(cosh z + 1) coshz + 1
688.29 f X T s = — A ,
sinh? z (p — 1) sinh* Tz 680.06 sinh z dz _1 (g(lsh z — 1\
T 1 f dzx [p < 1] : f cosh z(cosh z — 1) cosh z
p — 1 J sinh*2z’ ’ .
sk 2 coch? & ‘ - 689.07. f sinh mz cosh nzx dz
688.31. f <inh 2 dz = 3 + log |sinh z|. _ cosh (m + n)z n tosh (m - n)z
2(m 4 n) 2(m —n) ’

[m? = n?% If m? = n? see 685.11]).

3
688.32. f cosh® z dr = sinh 2 — esch z.

sinh? z
Integrals Involving tanh x and ctnh x
h? ‘
088.33. f % dz = f ctob® z dz 691.01. f tanh z dz = log cosh . [See 687.11.]
ctnh® z .
= — —5— tlog[sinhz|. 691.02. f tanh?z dz = z — tanh z. [See 687.22.7]
[See 692.03.) \
688.34. c93h3 Tde = — 1 __1 . 691.03. f tanh3z dz = — _t_a_np__x + log cosh z. [See 687.33.7]
sinh? z 3sinh®z  sinhz 2
p—1
688.30 cosh® z i = — 1 691.09. f tanh? x dx = — E—E}-l—lx + f tanh?? z dz,
* J sinbPz (p — 1) sinh* 'z P
. [p = 1]
T (@ =3)sinb? 3z’ [p > 1or3] 693.01. f ctnh z dz = log |sinh z|. [See 688.11.]
ho-? )
688.7. f %hp—; dr = — c-;Tl—x, [p = 1] 693.02. f ctnh?z dz = z — ctnh . [See 688.22.]
. 2
689.01. f C—Z‘SE}% = log (cosh z + 1). 693.03. f ctnhd z dx = — "tn; L + log |sinh z].
_ [See 688.33.]
sinh x ax —1
689.02. f coshz —1 log (cosh z — 1} 693.09, f ctnh? z dx = — E%?le—x + f ctnh?2 z dz,
[p #= 1]




INVERSE HYPERBOLIC FUNCTIONS
700. sinh~!z = cosh™ (2 + 1).

Use the positive value of cosh™ when z is positive and the negative value
when z is negative.

'
700.1. sinh—'z = tanh—lv_(xTx-l—-—f) = csch™! p

= — sinh™ (— z) = log {z + V(2% + 1)}.
[See 602.1 and 706.]

-1
701.  cosh™'z = 4 sinh™ v(2* — 1) = = tanh™ it T )
= Sec}l"% = & log {z + V(z* — D)},
[z > 1] [See 602.3 and 707.]

1
702. tanh'z = ctnh!= = glog—,
[#? < 1]. [See 708.]

z + 1
z—1’
[2? > 1]. [See 709.]

1 1
704. sech?z = +log {5 + \j<—x—2 - 1>} ,
[0 <z < 1] [See710.]

705. csch™lz = log {i— + \/<—1— + 1>}

706. sinh~l=zx

1 1.
-1 —_ -1* _ =
703. ctnh—! z = tanh =3 log

[See 711.]

[z > 1]
1 1-3 1-3-5
=—log|2| —5sont s T agees T

[z < —1]  [See602.1.]

156

FORMULAS AND SERIES

-1
707. cosh 1z 5L 1

1 1-3
+ [log 2z) — 553
1.3-5 -
2-4-6-62° ] o [>10
[See 602.3 and 602.4.]

3 7
708. tanh—1x=x+%+§+%—+ , (22 < 1]
[See 601.2.]
709. ctnh-lg =14 L 4 +L . [22 > 1]
: z 3z ' 5x® ' 747 ’ ’
[See 601.3.]
2 1 1-3
-1 = = = 2 il
710. sech—' x [log 5.3% “5.44%
1-3-5
—mxﬁ—'"°], [0<x<1:].
[See 602.7 and 602.8.]
711, csch1z
11 1.3 135 \
= 3P Todss sagrm Ty [@>1]
2 1 1-3 1-3-5
=logl+552 ~517% t3556C 0
[0<z<1]
_..L 2 1-3 - 1-3-5 6
z| 722" 92 "5 reed T
[1<z<0] [See 602.5.]

720.  sinh™! (£ z + dy) = £ (— 1)» cosh—t 3 + ¢

+i(— Dn sm—l—i_ ; + inw,

where the principal value of sin~! (between — /2 and w/2)
and the positive value of cosh—! are taken,

n is an integer or 0,

z is positive,

Y is positive or negative,
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and where
720.1. s= V({1 + y)? + a2

7202, t=A~N{1 —y)*+ 2 (positive value).
Note that if t =0 and y > 1, =y — 1 and s + ¢ = 2.

Ifz=0andy<1l,i=1~yands+it=2

(positive value),

Alternative:

720.3a. sinh—' A = log, (&= V1 + A2+ A) + 2k=»
or

720.3b. = — loge (= T+ 4% — A) + i2%kr

where 4 may be a complex quantity and & is an integer or 0.

For the square root of a complex quantity see 58 and for the logarithm
see 604. The two solutions @ and b are identical. In any given case, the
one should be used which involves the numerical sum of two quantities
instead of the difference, so as to obtain more convenient precise com-
putation.

721.1. cosh™ (z + <)

= (cosh“1 p_;zi_-_g -+ ¢ cos™! p. 2_: 7 + i2k1r> .
721.2. cosh™! (z — y)
= (cos ~Ptg_ z'cos“—%— + 22kw
2 P+q ’

where the positive value of cosh~! and the principal value of .

cos™! (between 0 and 7) are taken,

z is positive or negative,
y is positive,

721.3. p = + ) + 4
7214, ¢= V({1 -2 F &

(positive value),

(positive value).

FORMULAS AND SERIES

Alternative:

721.5a. cosh™' 4 = =+ log. (A + VA? — 1) 4 2k~

or

721.5b.

F log. (A — VA2 — 1) + 2km.
See note following 720.3.

) 1 14 2)2 4+ 42
722.1. tanh™! (z 4+ y) = i log %1——32—-{—372
+ % {(2k + 1)x — tan™* —; ? — tan— 7 x} ,

where the principal values of tan—! (between — #/2 and =/2)
are taken and where 2 and y may be positive or negative.

[See formula for tanh™! (z + <y) in Ref. 24, p. 115.]
Alternative:

. 1 1 2 2
722.2. tanh™1 (z 4 7y) = 1 log. gl i— 82 ::: Zz

+ Ztan-t 2y " + vk

2 =2 =y

where k is 0 or an integer. The proper quadrant for tan—! is
to be taken according to the signs of the numerical values of the
numerator and the denominator.

722.3. tanh™!(z 4 1y) = %loge }f—;——tzz [See 604.]

{Ref. 46, Chap. XI1.]



160 INVERSE HYPERBOLIC FUNCTIONS

INVERSE HYPERBOLIC FUNCTIONS—DERIVATIVES

d . 1% _ 1 .
728.1, (72": sinh p = _———\/(xz + (12)

728.2. -g:—c C()'Sh—lg = Q’(?IT_Tz) , [cosh‘lz >0, % > 1] .
728.3. d% cosh‘lg = :/-(-70;——1_02—) R [cosh‘ls <0, 2 > 1]-
728.4. dila—: tanh’lg == _a_ pett [2? < a*].
728.5. c% ctnh"lg == _‘_Z_ L [z > a*]

_ —a
Tz (a® — 2?) ?
[sech! (z/a) >0, 0 < z/a <1].

728.6. 2 sech—1Z
dz a

9 gech %= 0
728.7. dxsech e e =D

[ sech-t(z/a) <0, 0 <z/a <1].

d 1T _ -—a
728.8. - csch i NETD

[Except in 728.4 and 728.5, a > 0.]

INTEGRALS—(a > 0)
730. f sinh~! -2 dr =« sinh—l-z — /(2 + &%),

2 2
730.1. zsinh1Zdz = (L + %) sinh? r_zy (2? + a?).
a 4 a 4

2
2 __ A2
730.2. f 22 sinh—lgdx = gsinh’lg 4 2 5 T V(@ + ad).
inh-1 % dz = ?f_i‘.’f> inh—1
730.3. fx'"’smh adx <4 35 sinh p

+ 302 — 223 V@ + a).

32

INTEGRALS 161

5
730.4. f 2t sinh? Zdr = L ginh—1 2
a 5 a

4 _ An2.2 1. 9.4
~ e 43T et ).

[See 625-625.4.

+1
730.9. f 2?7 sinh— L dy = v sinh— %
a p+1 a
1 2Pz

“o7i1) yoeTa -1
[See 201.01-207.01 and 625.9.]

731.1. flsinh-lfdx
x a

_e_ L o 13 2 135
= 2455 246774

a 2334

B AT T R
[z/a > 1].

- o2 ) A LA LB
2\ %8| % BT 28 24-637° ’
[zja < — 1]
731.2. l,;‘asinh‘liv-d:z: = —Llgnn2
z a z a
2 2
_Ligg|e e 4 )
a z
1.5z, 1 .. 2 ~@+d)
731.3. fxasmh ad:c = 2132 SlIlh a —_ _TG,E;_—.

[See 626.1 to .3.]

1 ., 1 12
731.9. fxp sinh adx = —-TI)—FSIDh E

(»
1 dz
S fﬂc”‘lw/(vc2 +dd’
[p = 1] [See 221.01-226.01 and 626.9.]
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732. f cosh™! 2 de =2 cosh—lg — V(@? — ad),
[cosh! (z/a) > 0],

= g cosh12 + V(@ — a?¥),
[cosh™! (z/a) < 0].

2

22
732.1. f:v cosh™? 2 dz = (5 - —> cosh“lg - 2\/(1:2 — a?),
[cosh™ (z/a) > 0],

PR~

]

2

= (—2— - —> cosh*lg + 2\/(1172 — a?),
[cosh™? (z/a) < O].

R
]

o

732.2. fx2 cosh—lf-;dx = %scosh*lz _ 2 + i V(@@? — a?),
[cosh—1 (x/a) > 0].
= Lot 2 4 20T g2 )

[cosh! (z/a) < 0].
732.3. f z* cosh™! 2 dz

= <%4 - %) cosh—lg - :-3%4——2—@ V(@? — u?),
[cosh (z/a) > 0],
= <§ - %) cosh™1 2 4 w\/( 2 — a?),
[cosh™ (z/a) < 0].

732.4. f zt cosh—lgd:c

P a2 8a*44a%? 4324 .,
—gcosh P 7B V(@® — a?),
[eosh™ (z/a) > 0],
z° z |, 8a* + 4a%? 4 324
= g cosh™ — + @+ ;; 37 @ - a),

[cosh™ (z/a) < 0]. [See 627-627.4.]

INTEGRALS 163

732.9. f P cosh—lgdx

ZPl x 1 2?Hdx
“rr1ot Ty ) Ve
[cosh-! (zfa) > 0, p = — 1]

Zan) 2%y 2PHdy
-’r—lcoh a p+1fw/(xz~a2)’
{cosh™! (z/a) < 0, p = —1]. [See 261.01-267.01 and 627.9.]

733.1. f 1 cosh~ £ dz
z a

1 22\  1a®, 1-3 a 1-3:5 a®
'”O%'»'+??+24%f+“4@ﬁ+

2
[cosht (z/a) > 0],
_ 1 2z\2  1a®  1-3a*, 1:3-5¢
—_BO%E>+§?+2@ﬁ+24&ﬁ+ ]

[eosh™ (z/a) < O].

733.2. f }5 cosh1Zdz = — 1 cosh1Z 4 et |2 )
T a z a ' a
[cosh™ (z/a) > 0, 0 < sec!|z/a| < =/2],
= — lcosh“12 - lsec—1 ?Zl,
z a a a

[cosh™ (z/a) < 0, 0 < sec?|z/a|< x/2].

1 oosh1Zap o — Lot ® 4 V@ = @
733.3. fxscosh de— 2:';2cosh a+m—’

[cosh (z/a) > 0],
V& = )
2a’x

[cosh™! (z/a) < 0]. [See 628.1-.3.]

1 x
= — 55cosh™= —
2z* a !

733.9. f lp cosh—1 Z dz
z a

o 1 aZ 1 dz
RN Ve S f NG = o)’
[cosh™ (z/a) >0, p = 1],

_ 1 p1 % 1 dr
_—(—pT)xp_—lCOS E—p_lfxp_l\/(zg_ 2)’
[cosh™ (z/a) < 0, p = 1]. [See 281.01-284.01 and 628.9.]
For 732 to 733.9, % > 1.
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734, f tanh~! 2 dr = z tanh™! 2 + %log (a? — %),

" anh~ 1x+—

734.1. f z tanh— L dz = e
a 2

2 aZg T az & 2 _ o2
734.2. f 2 tanh 2 do = T tanht 2+ 2+ S 10g (a2 - 2,
aZg 4%, a® | ot
734.3. f 2 tanht 2 gy 7 o tanh T+ e+
a - a4z a 2Pz
734.9, fx”tanh —dz +1tah p p+1fa2—x2’
[p = - 1] [See 141.1-148.1.]
1 Iz 28
735.1. f tanh £ dz = 2 4 32a3 + o5 + 72a7 + -
2 _ A2
735.2. f—tanh—l’” ———ta h12 — Liog <f“—2—x->
a 2a x
’ X a%g. 1(1 1 2z _ 1
735.3. f tanh dx 5 (a“’ x2> tanh 2" Bz
Lionh%dp = — L tanp1% L
735.4, f Stanh Zdp = — St S L
_ 1 ] a? — z2
62 08 z2
1 a%g 1(1 1 ar_ 1 1
735.5. fx_r) tanh a dz = 1 (04 $4> tanh a W m
1 a1 1T
735.9. f = tanh . de = = Dz tanh p

d
+ - f xp—l(azx_ ok [p 1]

[See 151.1—155.1.j
For 734-735.9, 2* < g%

A% g . a%, a 2 _ 9
736. f ctnh ad:v z ctnh a+ 2log (= — a?).

% g, T = a? 1%z, 0z,
736.1. fa:ctnh adx > ctnh a + 5

INTEGRALS 165

736.2. f 22 ctnh1 2 24z = %c;—ct h-1Z 242 ‘”2 +% log (2 — a?).
4 __
736.3. f 2 otnh1 2 dp = T2 2 ctnh-1Z “+ 5 +
Pt z a zPHidzx
74 1% = -1Z _
736.9. fx ctnh d:z: » F1 ctnh e pF1 f P

[p= —1]  [See 141.1-148.1.7

r1 g%, _ a da a a’
737.1. f;ctnh Ed:c— 5—37;3—52-5-5—72—337—"'.

2 . o2
7372 [ Letnh1Zde = — Lomn1® — Ligg (2= .
z a z e 2a z*
Lot Zap o 1L _ 1) oz 1
737.3. f otah 2 dp = <a2 x2> ctob12 — L.
1 A%y 1 17
737.4. f o ctnh adx = —3x ctnh p
1 1 z? — a?
6az?  6d° log 2
1 e, _1/1 1 Lz 1 1
737.5. fx5 ctnh a dr = ‘_1:. <a4 P! > ctnh E - m - 4(1333
b 1 | A 1 1T
737.9. f g ctnh ad:c =~ =D ctnh=1=

d
43 fxp_l(azx_ 5 [p=1]

p—1
[See 151.1-155.1.]
For 736-737.9, 22 > a2

738. f sech1Z dz = z sech—1 % + asin1Z,
a a a
[sech? (z/a) > 0],
= zsech! T — gsin1 %,
a a

[sech™ (z/a) < 0]
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o |
(4%
o
N
(S
&
o
[o]
<)
=

738.9. r P sech-lg dz

a xPdz

x
p+1 a'p+1]) V@ —a)’

i

[ 3]
=~
@.
™
&l
_i._

[sech™ (z/a) > 0, p % —1],
p+1 T @ xPdx
FI a p+1]) V=3

rqnn}\ -1 (fr/n\ < n D 1]_

uuuuu P 7

[See 320.01-327.u1.]

axr

[sech~! (z/a) > 0],

1 2 __ x2
- = sech™t f - i(-q’Tr—) ’
o w Ll

[sech~! (z/a) < 0]

INTEGRALS 167

T p - 1 r:zc”\/(a2 — z%)’?
[sech! (:c/a) >0, p # 1],
—“'IT“ISSCh_IZ +'n —1 fmp /(n2 e

[seeh~! (x/a) <0, p== 1].
[See 342.01-346.01.]

It
|

For 738-739.9, 0 < z/a < 1.

740.1. r z csch—1 d:v = csch—1 g\/ (=% + a?).

J

L r P - T P
740.9. " z? csch™ p dr = esch™! p

a zPdx
+p+1 f TE+ad’ [p = —1]
[See 200.01—20'7.01.]

3 . 5
ranl, [ leschifde= %4 L ¢ _ 13 &
J =z a x 2:3-3 x* 2-4-5-5 2°
+ 1.3-5 4 . .
246774 5 [z* > o*]
1( a) 4a , 1 22 1.3 z¢
= —E\IOgE/ 10g_5+5§:5_“2~43a—4
1 135 ’CG ™M .~ - » 17
—'_2'4’63;_ "%y LU\LC/U\J.J,
logleliglte 14, 13 2
21°g}x'1°g|z| FaTrgg
1-8.5 %8
-—,,..3,,ox—g+--- F—1<z/a<0]
A'&. UaU L) -t
741.9 rlcsh—*"r'
_’x” e — dr
_ 1 a dz
= _(p —r 7 csch 1:— — lfx"~,/(x2+a2)’



750.

751.1.
751.2.
751.3.
751.4.
751.5.

751.6.

751.7.

752.

753.1.
753.2.
753.3.
753.4.
753.5.
754.1.

756.1.

756.2.

756.3.

756.4.

ELLIPTIC FUNCTIONS

Let u = f v — Ic2 sin? g)

dx
s YA = VA = =)’
= F(qo, k) = elliptic integral of the first kind.

e? < 1],

[z = sin ¢,

[See 770.]
¢ is the amplitude, and k the modulus.
¢ = am u.
sin ¢ = snu = 2.
cos ¢ =cnu = ({1 — z?).
Agpor A(p, k) = y(1 — k?sin? ¢) = dn u = V(1 — k%2?).
z
tan o =thu = \/_(i——_x'"'—) .

The complementary modulus = k' = (1 — k2).
u = am™ (¢, k) =sn! (2, k) = en! {V(l — 29, k)}
=dn? {y(1 — k%2, k} = tn~! [ Ic]

V(1 — 2%’

am (— u) = — am u. 754.2. sn0 = 0,
sn (— u) = — snu. 754.3. ¢en0 = 1.
en (— u) = cnu. 754.4. dn0 = 1.
dn (— u) = dn u. 755.1. sn’u + en?u = 1.
tn (—u) = — tnwu. 755.2. dn?wu + k?sn?u =1,
am 0 = 0. 755.3. dn’u — k?cn?u = k7
sn (u & 1) _snucnvdnv:!:cnusnvdnu.

- 1 —k?snfusnlv

_cnucny Fsnusnvdnudny
on (u = v) = 1 — K sn?usnv

_dnudnv=F k’snusnvenucnv
dn (u == v) = 1 — k?*sn?usnv ’
tn (4 = 1) = tnudne+tnvdnu

l1Ftautnvdonudno
168

757.1.
757.2.
757.3.
757.4.
758.1. s
758.2.

758.3.

759.1.

759.2.

759.3.

760.1.

760.2.

760.3.

ELLIPTIC FUNCTIONS

2 2snucnudnu
n = —————e—
s 1 — k%?sn*u

_en*u —sn’udn®y _ 2en’u
en 2u = 1 — k?sn*u T 1~ksntu
dn’u — E2sn®uen’u _  2dn?u
dn 2u = 1 — k?sntu T 1—-1Iksntu 1
2tnudn u
tnzu:l—tn%cdn”u
u 1—cnu
n3= \/< +dnu>
u_\/ cnu+dnu>
g = 1+dnu
dnl = \/ cnu-l—dnu)
2 l14+cnu
sn (iu, k) = 7 tn (u, k').
() =
o\t %) = (u, k)
. _dn (u, ¥)
dn (fu, k) ETYON

3 . ub
snu=u— (1+8) 5+ 1+ 140+ 1)
7
— (1 + 135K + 135k4+k6)’7‘—! +
cnu—1——+(1+4k2)——(1+44k2+16k:4)6!

+ (1 + 408k% + 912k* + 64705) —8—! ——.,

6
o U

dnu=1 —k?“ +(4+Ic2)k2—. — (16 + 44k + FOK

8
+ (64 + 912K + 408K + kﬂ)k?’gi, -
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7604, amu =u— By, w @t LZ)kZ— (16 + 4472 + k4)k23;_:
+ (64 + 912K? + 408kt 4 kO)k? g' -
[Ref. 21, p. 156.]
ELLIPTIC FUNCTIONS—DERIVATIVES

768.1. —é- snu = cnu dn u.

du
d
768.2. -——cnu = — snudnu.
du
768.3. c_;lﬁ dnu = — k?snucnu. [Ref. 36, p. 25.7]

ELLIPTIC FUNCTIONS—INTEGRALS

770. Elliptic Integral of the First Kind.
F(o, k) = v de
8= ) V(T = k¥sin? ¢)

dz
f VA — 2V (A — k%= 2y’ [z = sin ¢].

[k < 1],

[See 750.7]
771. Elliptic Integral of the Second Kind.
Ble, k) = [TV - Bsint o)de
7 V(1 — k%?) .
= 0———\/(1—x2) dz, [z = sin ¢].
772. Elliptic Integral of the Third Kind.
de

e, m, k) = f T+ nein? V{1 — F* sin’ ¢)

z dz
f T F VA — VA — B2
[z = sin ¢].
The letter = is called the parameter.
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Complete Elliptic Integrals (See Tables 1040-1041)

_ x/2 d(p
773.1. K = jo‘ V(I — ¥ sin? o)

_ 1., 128, 1%.3%.5%
_§<1+§’2k tagh tapel + >

[ < 1]
3.2 K =31 +m) [1+1 +22 42 mt
12,32,52
e ™ T ]’

where m = (1 — E)/(1 + k). [Ref. 31, p. 135.]
T'his series is more rapidly convergent than 773.1 since m? < k%
o4, 2/ 4 2
773.3. K—logp—l-é—z(loby-— - >k
1232/ 4 2 2\ .
+W<l°gy“1.—z“3—.z>’“
pssto4 2 2 2
22.42. §* Fo1-2 34 5-6
where ¥’ = (1 — k%), and log denotes natural logarithm.
[Ref. 33, pp. 46 and 54.)

/2
7741, B = f V(1 — K sin? p)do
(1]

1 12-3 12.3%-5
=3 <1 - §§k2 - 22.427‘>4 - 22.42.62k6 - > ’
[k < 1]
1+ 7+ TR SR
A+ m) + m) 9z T o8 42’” PR e R
where m = (1 — k')/(1 + k'). [Ref. 31, p. 136.]

This series is more rapidly convergent than 774.1 since m? < k2%

7742, E =

7743, B =1+ <log% _ 1i2> %

23/ 4 2 1
+2T.4(1°g— “f‘f) K

2,92,
+1—3——5<logi——g———?—-—%->k'°+---

76
[Ref. 33, pp. 46 and 54.]]
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775.  F(p k) = f V(l—kzsm2 ™
—7K—Sln¢COS¢< A2k2+—-A4k4
where +; i ZAsk +.“)’
A2=%, A4=2—?i+i-sin2¢:
b= Bt Dsint o + Lsint o,

_ 357 | 57 ., 7, 1.,
As = 3.4.6.8 T 1.6.3°0 ¢+ ggsin’ o +gsin’ g

and X is found by 773 or from tables. [Ref. 5, No. 526.]

1-3-5
2:4-6

776. F(go, k) = ¢ + Uzk2 + 2 4 4’04 + Usks +

where

Von = f sin?" o do. [See 430.7 [Ref. 36, p. 26.]

777, Blo k) = f " V(1 — ¥ sin? p)de
0
= %:EE + sin ¢COS¢<%AJ€2 +——1—-A4k4
1.3
tazedd )

where A, Ay, -+ are given in 775, and where E may be ob-
tained by 774 or from tables. [Ref. 5, No. 527.]

z dz _ _ B
, VAV F 7 — 0 @8 = Fltans, b,

[0 <z <1] [Ref. 36, p. 42, eq. (4).]

’ dz _1 ,/z b
'780.2. j; V@ =V = x2) P <b , E) ,
[a>b>2z>0] [Ref. 5, No. 536.]

dx 1 z a? — b?
780.3. f VEFAOTE TS —a™ [b’ \K p >] '
[6>5% z>0] [Ref. 5, No. 541.]

780.1.
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785.1 f snudy = — 1 cosh! (___dn u) . [Ref. 36, p. 58.7]
ol = ]{; k, . . > p‘ *

785.2. f enudu = %cos‘1 (dn w).

785.3. f dn ¥ du = sin~! (sn u) = am u.

786.1. [ - = log (-—ﬂ’-‘———>
snu

cnu + dnu

v86.2. fdu ,1 <k’snu+dnu>.
ecnu k

cnu
7863. [ -2 = Liant ’—ﬂi‘:"ﬂ> [Ref. 5, No. 563.]
e dnu ¥ Fsnu-+cnu s Ty SYEe SR

787.1. f“ sn? u du = ,: { — Eam u, ¥)}.
0

787.2. fu cn’udu = 791—2 {E(am u, k) — K"u}.
0

787.3. fu dn?udu = E(am w, k).
0

787.4. fu tn? u du = —1~2 {dnutnu — E(am u, k)}.
0 K

— 12,2
788.1. fsn“lxdx = gentlz 4 %cosh [j_(l_k,k_x)] .

788.2. f ecnlzder =zenlz — %cos—1 VE® + K22
(] — 22
788.3. fdn—lxdx — zdn-lz — sin-! [w (- )]_
[Ref. 36, Chap. IIL.]

789.1.

789.2.



BESSEL FUNCTIONS
800. Bessel’s differential equation is
du |, 1du n?
d—xé+§%+(1—;2>u-=0.
[Ref. 12, p. 7, eq. (7).]
Bessel Function of the First Kind, J,(x)
Denote % Ja(x) by J,/, ete.

801.1. 2J,' =nd, — xJup1. 801.3. 2nJ, = aJny + xJ0ss.
801.2. .’l?J,,’ = — an + x']”_1. 801.4. 2Jnl = J,...], - J,.+1.
801.5. 4Jn" = Jp-2 — 2Jn + J,.+2.

d, d
801.6. d_x (33 Jn) = x"J,,.l. 801.7. d'—'-x (x‘” n) = - x“"J,.+1.

801.82. J2 = '2—;;]‘1 - Jo.

801.83. J; = <§2 - 1) Iy = Ao,
T x

/ 24 8/6
801.84. J; = (1 - ?> Jo+ (;5—2 - 1) Jh.
12 16 384 72
801.85. Js = ?(1 - ?) Jo + (—;;‘ i *55 + 1) Jl,
801.90. Jy = — J;
80191, Jy=J, — %

801.920 Jz' = ?xi(') + (1 bt %) Jl.

80103, J/ = (2 1)z + (5 - Z) L
X x?

T
174
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80194, JJ = g(% - 1) Jo — (1:%2‘ - ‘—2—2 + 1>J1.

960

801.95. J¢ = (704_ - 1) 7 — <1920 408 >£-

xzt 2 + 13 z
For tables of Jo(z) and J1(z) see Ref. 50; Ref. 12, p. 267, Ref. 13, p. 666,
and Ref. 17.

Bessel Function of the Second Kind, N,(x)

Na.(z) as in Ref. 17 and Ref. 62, pp. 357-358, and same as Y.(z} in
Ref. 13 (not boldface Y,) and Ref. 50,

802.1. zN. = nNn. — ZNap1.

802.2. zN.'= — nN,+ zN,..
802.3. 2nN, = 2Na- + ZNap1.
802.4. 2N.’ = Nuoy — Nui1.

802.5. 4N,” = N.s — 2N, + Nuye.

d ” —_- n
802.6. - (2"Na) = 2"Nos.

d
802.7. = (@"Na) = — &N,
802.82, N, = 31-:—1 — No.
802.83. N; = (% - 1>N1 _ AN,
x P

. 24 8/6
802.84, N;= (1 - :_1:§> No 4 p <x——2 - 1) N

o

802.85. N; = 133—2 (1 - -lx—ﬁz> No + (%4 _2y 1) N

802.90. No’ - - N1.

80291, N/ =N, —~ N?l‘
802.92. Nz’ = '2—]}) + (1 - ;45> Nl.
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802.93. Ny = <—f.—— ) (5-%) M,
)z
, 8 192 40 .
802.94. N, =—<——' )No <F_?+1)N1'
802.95. N5I=<9§Q—?+1>No—<lg§—o—4 +13>N1

For tables of No(z) and N,(z) see Ref. 50, Ref. 13, p. 666, and Ref. 17.
Modified Bessel Function of the First Kind, I,.(x)
803.1. 2z, = nl, + zl.1. 803.3. 2nl, =axl,; — xl 1.
803.2. zl,) = —nl,+al,; 803.4. 21,/ =I, 4+ L.
803.5. 4I,” = I, + 21, + I

d n — pn d —n — p—n .
803.6. d—x (x In) =X In—l- 803.7. d—‘x (CL‘ In) =X In+1.
803.82. Iz = Io - %

803.83. I, = (% + 1) I — ‘ii_"

803.84. I4=<2—4;+1)Io-—-< +1)

803.85, I = (384 + = + 1> I, - —~ <1£ + 1) I..
803.00. Iy = I,.
803.91. I/ =1, - I,
X
4 oI

803.92. Iz’ = I1 <.’,17 + 1> —— 70.

, (12 24 I
803.03. I = <_2 + 1> Io - <? n 5> L
803.04. I/ = (192 + 20, ) 1, — g(% n 1) I.
803.95. Iy = (960 8 1) (1920 408 >Il.

For tables of Iy(z) and I.(z) see Ref. 50, p. 214, Ref. 12, p. 303, and
Ref. 17. Tables of ¢=Is(z) and e*I:1(z), Ref. 13.
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Modified Bessel Function of the Second Xind, K,(x)
804.1. zK,' = nK, — zK 3.
804.2. zK,' = — nK, — zK, .
804.3. 2nK, = zK, 1 — 2K,
804.4. 2K, = — K, 1 — Koy
804.5, 4K," = K2 + 2K, + Kaj2.

d n = — pn
804.6. % (IE Kn) = x -Kn—l-

d
804.7. EIZ (Il}—"Kn) = - x_”K,.+1.

804.82. K, = K, + == 2K‘
804.83. K = ﬁf&’ + ( + 1) K.

804.84. K, = <—2§2 + 1) K, +§<§é + 1) K

804.85. K5=—1§(%Z+ )Ko+< +2 4 )
804.90. .Ko’ = - K1

804.91. K/ = — Ky — %

804.92. K, = — %{9 — (% + 1) K.

12 24 K
804.93. Ky = — <?E2 + 1) K, — (‘x‘z + 5);!

e ) k- (RS %
804.95. Ky = — (960+84 n 1) <1sg)jo {_408 1 3)

For tables of Ko(x) and Ki(x) see Ref. 50, p. 266, and Ref. 12, p. 313,
Tables of e2Ko(z) and ¢*K,(z), Ref. 13. Tables of (2/7)Ko(z) and (2/7)K.(x),
Ref. 17.

804.94. K/

Il

K
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807.1. Jo(@) = 1— (b + 220 Sy
807.21. Ji(x) = — J(2) = jx — (l%z—x); + 12(%;2)53 -
807.22. Ju(z) = gf—;y - 24f§31 + 25?41 - 2855! *o
807.3. When n is a positive integer,

_Gorl, . (Gt (G2)* _
S@) =S Ity T 2wt D+ 9) :
807.4. When n is an integer,
J_n(z) = (— DT (2).
807.5. When = is not a positive integer, replace n! in 807.3 by

I1(n). [See 853.1.] [Ref. 12, p. 14, eq. (16).]
1 32 5t 728
807.61. Ji'(2) =5 ~ g T ggmi ~amm T
x4 625 8a7
807.62. Ji() =7~ g T g ~ wami T
I3 - xn—l _ (n + 2){U"+1
807.69. Ju'(%) = gor Iy T (e + 1)1
+ (n + 4art?  (n + 6)z™S .
21 + 2)1 273 1(n + )1 ’

[n an integer > 0].
Asymptotic Series for Large Values of x
808.1. Jy(x) = (7%)1/2 [Po(x) cos (x - :—D
~ Q@) sin (= — )|,
where

12.32 12.32.52.72
808.11. Py(z) =~ 1 — 21(8z)? 41(8x)*

1232527292112

61(8x)8
. N 12 12‘32.52 12,32.52.72.92
808.12. Qo(z) = — Ties T 31(8z)° ~ ~ 51(8z)"

808.2. Ji(x) = <%>1/2 [Pl(x) cos <:c ~ 3{)
~ Qu@)sin (2~ 5F) |

)
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where
12-3-5  12-3%.5%.7-9
21(8z)? 41(8z)*
1%2-32.5%.72.92.11-13
61(8z)8

808.21. Py(z) ~ 1 +

The signs are alternately 4+ and — after the first term.
1:3 123057 | 12.30.50.72.9.11

808.22. Qi) ~ 1= — ~31(8z)° 51(8z)°
808.3. J.(z) = (%)m [P,.(x) cos <x — %” - g)
— Qu(x) sin <:c -5 - %)] ,
where

808.31. P,(z) ~ 1 — (4n? — 12)(4n? — 3?)

21(8x)?
(42 — 1) (dn? — 3 (4n? — 5 (4n? — 1)
T 41(8z)*

an? — 12
118z
(4n? — 12)(4n? — 32)(4n? — 5%)
- 31(8x)?

808.32. Q.(x) =

+...

2\1/2 . nr ow
A W T
808.4. J, (x)= <1r:v> [P,. (2) sin <1: 5 4>
68 hm T
+ @.®(z) cos <x 5 4>] ;
where, from 801.4,

2 .12 2
808.41. P,0(z) ~ 1 — (4n? — 1%)(4n? 4 3 X 5)

218"
L 1) = Bt — et +TX D)
41(8x)*
21X
808.42. Q.0(z) ~ ‘-‘”—%?1
_ U — e — a5 XT) L
31(8x)?
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Extension of these series can be made by inspection. The
sign =~ denotes approximate equality. Note that the various

series for large values of z are asymptotic expansions and there
is a limit to the amount of precision which they will give.

2 1/2 .
809.01. Ji(z) = (ﬁ) sin z.

809.03. J3(x) = (2 >1/2 (s_u;_x — cos :c> .

T
1/2 2
800.05. Ji(z) = <7%> { (x—dz - 1) sin x — %cos x} .

2\ 12
809.21. J(z) = (m> COS .

2\12 . cos x

(7?) (— sin g — 2 )
1/2

809.25. J-3(z) = (;%) {§ sin z + <~3— — 1) cos x} .

[For higher orders sce Ref. 12, p. 17.]

811.1. No(z) =2 <y + log. 2> Jo(x) + = 2 ((21:13:

809.23. J-3(z) =

8

_2 (2‘”) 2 (zx) 1
(2|)2 (1 + 2) + - (31)2 (1 + + ) -

where v is Euler’s constant 0.577 2157. [See 851.1.7]
[See note preceding 802.1.]

811.2. Ny(z) == (v -+ log. > Ji(z) — =
Ay SO
811.3. N.(z) = = ('y + log. g) J (1)

L )L )

(1+++ il )
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where n is a positive integer. The last quantity in paren-
theses is <1 +%+ +%> when p = 0.

[Ref. 49, p. 161, eq. (61)
and Ref. 50, p. 174.]

Asymptotic Series for Large Values of x
2 \12 . T
812.1. Nu(z) = (E) [Po(:c) sin (x - Z)

+ Qo(x) cos (x —_ :—;)] : A
812.2. Ni(z) = <7;2—x>1/2 [Pl(x) sin (a: - %’)
+ Qi(x) cos <x - ?’f)] ’

i
8123. Na.(2) = <1%)1 ’ [P,,(x) sin <sc - 11275 - %:)

nr T
+4- @Q.(x) cos <x i Z)]
[For the P and Q series see 8C8. ]

i — (2N o o ( nr_ow
8124. N,)(z) = (-m:) [P,, (x) cos \x— 2~ 1

. nw m
— QP (z) sin (x -5 - Z)jl
[For P,™(z) and Q. (x) see 808.41 and 808.42.]

Goy . G

813.1. ILi(z) = Joliz) = 1 + G2V + i + rrm

where 7 = v (— 1).
— LT (s GGz, ()
813.2. Ii(z) =i~ Wi(ix) = I/ (z) = 3= + 1§ > —|-.___12_222.3 NI
813.3. When n is a positive integer,

I(z) = ©Ju(iz)

_ Go)r (32)? 37)¢
nl [1+1(n+1)+1 TS O ]

w0 (%x)n+2p
s=0 pl(n + p)!
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813.4. When n is an integer,

I—m(x) = I.(x).

813.5. When n is not a positive integer, replace n!in 813.3 by
II(n). [See 853.1.7 [Ref. 12, p. 20.]

Asymptotic Series for Large Values of x

e* 2 12 3‘2
814l o) ~ goos [1 1 Toigee T ]
e 4n? — 12
8142. L) =~ 7o [1 -
L Ut = 1) — 3 ]
21(8z)t
’ ~ _gf;_._
8143. 1)@ =~ 75—
A +1X3 . (4n? — 1)(4n2 + 3 X 5)
X [1 iz T 218
(@n? — 1) (dn? — ) Un? + 5 X T ]
- 31(8z)3

The terms of the series in 814.3 are similar to those in 808.41 and 808.42.

815.1. Kiz) = (7 + log. >Io(x)

(2-’5) (255) (3z)8 11 .
gttt +ERd+ath+ -

where v is Euler’s constant, 0.577 2157.

K@) = (— 1)”“(7 +108.5) 1@
">:_1 (=1 (np—! p—D!/x <2)

(—21)”p§0p'(n1_+_p)'< >2P+n

x(14gHgt g

815.2.

n=+p
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where n is a positive integer.

theses is (1-{—%—!—

The last quantity in paren-
+ %) when p = 0.
[Ref. 13, p. 80, and Ref. 50, p. 264.]

Note that the letter K is sometimes, particularly in earlier
writings, used to denote other expressions in connection with
Bessel functions.

815.3. When 7 is an integer,
K_.(z) = Ka.(z).
815.4. When = is not an integer,

K. (z) =

{ -n(x) - In(x)}

2s1nn

Asymptotic Series for Large Values of x

816.1.
/2 . 12 12.32 12.32.52
Ko(z) =~ <2x> e [1 ~ 178z T 3T @2y T 3T B ]
where =~ denotes approximate equality.
/2 4n2 —_ 12
816.2. K.(z) ~ ( x) [1 TR it s
(42— 1)(n2=3) 7.
+ 21 (32)? +

[Ref. 12, p. 55, eq. (50).]

172
816.3. K,/ (z) = <2ac> e
An? +1X3 | (4n? — 1) (4n? + 3 X 5)
X [1 T m T 21(8z)?
L @0t = 1)t — B+ 5XT) ]
31(8z)°

[from 804.4.]
The series can be extended by inspection.

HyM(z) = Jo(2) + iNo(z).

Ko(z) = ’g Ho®(iz).

817.1.

817.2.
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817.3. H,W(z) = J.(2) + iN.(2).
817.4. H,®(2) = J.(2) ~ iN.(2). [Ref. 13, p. 73.]

817.5. K.(z) = e"‘”zH 2 (22). [Ref. 13, p. 78.]

For all values of z and ¢,

818.1.  cos (zsin ) = Jo(x) + 2Ja(x) cos 2¢
+ 2J4(x) cos 4 + -

818.2. sin (zsin ¢) = 2J:(z) sin ¢ + 2J5(x) sin 3¢
+ 2J5(x) sin 5 4+ -- -,

818.3. cos (xcos ) = Jo(x) — 2J5(z) cos 2¢
+ 2J4(z) cosdp — -,

818.4. sin (x cos o) = 2J,(z) cos ¢ — 2J3(x) cos 3¢
+ 2J5(x) cos 5o —
[Ref. 12, p. 32 ]

Bessel Functions of Argument xivi, of the First Kind
(For numerical values see Table 1050.)

820.1. berz 4 ¢ bei z = Jo(zivi) = Io(avi)
= bery z + 7 bei, z.

820.2. ber’'z = 4 ber z, ete.
dz

1o G0t Gay
820.3. berz =1 — (5!)2 + 2 T
L _ (e G0, G
820.4. beiz = anz ~ @y 4 G .
__ G0, Gy _ Qo
8205. ber's = —ypor +arar ~Brer T

g (G2)° | (o)
820.6. bei'z = 3z — 5137 Tarsr —

821.1. For large values of z,

™

berz = \le(;/fx) {Lo(x cos <‘/2 §> — My(z) sin (7% - —g)] ;
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/N2

+ Ly(z) sin (% - g)] ;
where

12 T 12.32 2r

821.3. Lo(x) =1 + 1_"8—; cos 1 + m cOS T
12325 3r

TN S

17 12-32 27r
821.4. My(x) = — msm{ 5T (327 sin -
12. 32 52sn37r
T 31 (8x)° ’

T2
821.5. ber'z = _'\/i(z—;lri_li—s [So(x/ cos <Vﬁ 7—r>
— To(z) sin <V2 T)}
%IV

V@) [To(x) cos <;/x_2_ + %)

+ So(%) sin ('x/‘zf + 7§>J

821.6. bei'z =~

where

1-3 r 12.3-5 2%
TR %1 TR 4
12.32.5-7 3r  12.32.5%.7-9 47

|
—

821.7. So(x) =

T BT S E T T Al@ayr BT T
. 12.3.5 . 2
821.8. Ty(z) = 11‘ gx sin - + 2T 82y =22 sin 27

12-32-5-7 e IM3NENT-Q Ar
ey 2z Yo T

[Ref. 14.]

+

822.1. When n is a positive integer,
ber, 2 + 4 bein 5 = J.(ivi) = " (zV1).



ﬁ
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_ » (= D"*Gay+ (4 2p)x
822.2. ber,z Eo T+ p)l Cos i

p=0123,---

822.3. bein r = i ('— 1)'01-1'-1-1»(,%&:)7‘”%? Sin (n + 2[))“_ .

where

»=0  pl(n+p)! 4
822.4. ber. =
o (=0 (5 p)(52)"
- P)\z wos L2007
?=0 pl(n 4+ p)! 4

822.5. bei,/z

(— 1rtril <7_1 + p> <l x>n+2p—1
& 2 2 . (n+ 2p)r
pl (v + p)! e

823.1. For large values of z, when # is a positive integer,

e*lV? nr
Tow3 | @ oo (5~ 5+ )

—M(x)sm(—@—lsr 1—L2I>],

T, nr

ber, x =~

e*V2

823.2. beinz = @) [M (z) cos (\/2

where

4n? — 12 T

823.3. Lu(z) =1 - —Tss %1
+ (4n” _2}2()&;‘: —3) 008 = — e+vy
2 __ 12
823.4. M,(z) = 54—"1—@1— sin’zr

e T
4(2”)[ w\&! €08 <42+ + )

-*Tu(x)sin(‘/z-}— + )]

823.5. ber, 2 =
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£EIN2

823.6. bel o ~ S [T,.(x) cos ( 2+t )

. * . nw\ ]
+sn(x)sinkw+§+-”2—”.
where
2
823.7. 8.(z)=1-— it 1x3 cos =
1! 8z 4
(4n? — 12)(4n? + 3 X 5)
+ 31 (32 cos 7
_ (4’ = 1))(4n* — 39 (4n? 45 X 7) + ..
3T Ba) ’

2
823.8. Tu(z) = T 1X3 sin J

118z
(4n? — 1) (4n?*+3 X 5) ., 2=»
—-— Gl (817)2 sin -Z'
(llm2 —13)(4n? — 3H)(dn?+ 5 X 7)
31 (82)° sin

Bessel Functions of Argument xivi, of the Second Kind
(For numerical values see Table 1050.)

824.1. kerz + i kei z = Ko(zv1).

824.2. ker'z = 4 ker z, ete.
dz

R24.3. kerz = (log% — 7) ber z + Z-r bei z
178

~ 1+ Ez”,‘)) +A+3+3+D) (;!)2

(‘z’x)l

(1+ +3+i+3 +3) (6')2

where
v = 0.577 2157.

824.4. keiz = (logg — 7) bei z — Eber z

(32)° 1 (39)°
+z‘1'!)_2'_ (1+%’+3‘)(3!)2

1.,.\10
ra+i+i+z+pBr— .
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824.5. ker'z = (logg - 7) ber’ z — lbera; + T hei’ z
- z z 4

(2 oy
—a+DEG a1+ ED -

. 2 Ny .
824.6. kei'z = (\log; - 'y) bei’ z — ch—bex z — %—;ber’ z
(32%)
2131
G x)"

+ 3z — 1434+ 3355

+A+i+HE+E 4D

825.1. For large values of z,

~ T v —/y2 m
kerz =~ (2_x> e [Lo(— z) cos (\/2 )

+ My(— z) sin <

| =

2

oo[%
N— [\

825.2. keiz~ (L) e |
2. e1:c~<§§> [ 0(—:1:)(305(‘/2

— Ly(— z) sin <

See 821.3 and 821.4, changing z to — =.

8253. ker'z ~ — ( — me‘”‘/z So(~ z) cos -7
- 2z ° © vz 8

2.
Sle
+
ool
S
—_

)|

+ To(— z) sin <_\Tm§ - %)]

., \"2 T
825.4. kei'z =~ — <§5> eIV [To(— :tc)cos(\/2 §>

— So{— z) sin <Vx§ -

e I

See 821.7 and 821.8, changing = to — z.

826.1. When n is a positive integer,
ker, z + i kei, z = ¢"K,(zV7).

)]
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826.2. ker,z = (log% - 'y) ber, z +77; bei, z
1% (— D™ (n — p — DY 2\ (n + 2p)w
+2P§) o (§> €os ~————
R A A AR~ )

7=0 23 P 23 n+p
(= DmeGa)meer (n+ 2p)r
Pm+pl o 4
826.3. kei,z = (log%—v) bei,.:c—gbernx

1%t (— D™2(n — p — DI /z\?* 7" . (24 2p)w
5,,26 o 5 sin ~—————

1.1 1 1,1 1
P (EE P TR SR S EERE =

+

DO =

+

2,20
(= D™y (0 + 2p)7
pl(n + p)! 4
2 , bern
826.4. ker,’ z = (log; — v ) ber, z —~ + = beln

+4,,z_: p!

1.1 1 1 1 1
+15( +§+§+---+5+1+§+§+---+n+p)

1=l (= 1)™2(2p — n)(n — p — ! <§>2p—n—l cos (n +42p)7r

17-0
(= D™2(n + 2) (3 (n + 2p)
p!l(n + p)! 4
. 2 . bei.z =« ,
826.5. kei,’ z = logE — v ) bei, z — —1 ber,’ z

1 (= D™(2p —n)(n —p — DI [z \» . (n + 2p)7
+ Z o <§> sin ———7——

1,1, .41 L I )
—1;0(1+§+3+- ottty s

) (= V™20 + 2) (B0 (n + 2p)r
p!(n+p)! 4

827.1. For large values of z, when » is a positive integer,

ker,z = (%)1/26_’/"2 [Ln(— z) cos (\/2 + 2+ >
+ M.(— z) sin (‘/2 +I+ )]
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8272 keinz ~ () e=n2 | M
2. e1,.:c~(—2;> € [,,(—:v)cos(vz—l— + )

— Lo(— z) sin < "“)]

[See 823.3 and 823.4.7;

1/2 -
827.3. ker,/z = — (Q‘%) e*V2 | S.(— z) cos < 5 n7r>
+ T.(— ) sin < 5 >]
. 7 \12 [ nw
’ o - | —x[2 iy —_—
827.4. kei,’ z ( 2:c) € T,,( z) cos < 728 2+ 5 >
nw

— 8.(— :1:):sm<\/2 §+

2

)] . [See823.7and 823.8.]

Note that the series for large values of z are asymptotic expansions #nd
there is & limit to the amount of precision which they will give.

Recurrence Formulas

828.1. ber,z = 2 (ber z — bei’ z).
828.2. beijz = 7 (ber z + bei’ z).
2 bei’ z
828.3. berpz = — ber z.
'4
828.4. beizz = — 2 bzr % — beiz.
828.5. beryz = — ber' z — 2ber z,
828.6. beiy’z = — bei’ 2z — 2 bzlz z.
829.1. berpuz = — n\;2 (ber, z — bei, 2) — ber,; 2.
. n\/
829.2. beipuz = (ber, z + bei, ) — beinp—1 2.
1 . n ber, z
829.3. ber.z = ~ 2 (ber,—1 z + beip1 ) — —

INTEGRALS

1
3.7 = — —
829.4. bei,/ =z 7 (bery.1 z

beiny x) -

191

n bei, z

X

830. The formulas of 828-829 are applicable to Bessel functions
of the second kind by changing ber to ker and bei to kei.

[Ref. 14, eq. (1)-(60).]

BESSEL FUNCTIONS—INTEGRALS

835.1. fa;"J,._l(x)d:v = 2% . (z).
835.2. f T e (@)de = — £ (@),

835.3. f 2, 1(z)dz = z"1.(2).

835.4. f e on(@)dz = zI.(z).
835.5. fx"K,,_l(a:)dx = — 2"K,(z).
235.6. f 7 Knu(z)dr = — z7"Ka(z).
836.1. fx z ber z dz = z bei’ z.

0
836.2. fz zbeizdr = — z ber' z.

0
836.3.

'z
f zker z dx = z kei’ z.
4]
'z
836.4. f rzkeizdr = — z ker’ z.
0

837.1.

[Ref. 12, p. 27.]

f z(ber,2z + beilz)dz = z(ber,z bei,’ z — bei, z ber,’ z).

837.2. f z(ber,?z -+ bei,2z)dz = z (ber,zber,’ x + bei,xbei.'z).
[Eq. 191 and 193, p. 170, Ref. 49.]

Ref. 49.

See also similar equations in ker, z and kein 2, eq. 236 and 238, p. 172,
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SURFACE ZONAL HARMONICS

840. Py(u) = 1.
Py(p) = p.

Piu) = 3 Bu* = 1),

Pi) = 5 (56° — 3w).

Pyu)

P, 5(.“) =

P s(ﬂ)

Py(u) =

= 5o (574t — 2:3.54% + 1.3),

5 (7-9;1.5 — 2:5:7u® + 3 5u).

(7911p. —3-5-7-9u¢
+3-3:5-7u? — 1-3:-5).

(9-11-1347 — 3.7-9-114°
+ 3:5-7-9u — 3+5-Tu).

246

246

Note that the parentheses contain binomial coefficients as well as other

factors.

841. Pn(u) =

[Ref. 25, p. 956.]

@m—1)@2m —3)---1[ , m(m —1) -2
m [“ 2Cm =1 "

mim — )(m — D(m —3) ., ]

T G — D@m —3) *

The series terminates with the term involving u if m is odd and with the
term independent of x if m is even. [Ref. 22, p. 145.]

842, (m + 1)Ppya(u) = @m + DuPr(n) — mPp_i(p).

[Ref. 22, p. 151.]

843. (W — 1)P,/(n) = mpPn(p) — mPm_y(u).

[Ref. 21, p. 137.])
192
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844.  TYor large values of m,

2\ 1
e = () e+ 43
[Ref. 21, p. 137.]

dm
2’” 2mml dxm (@

844.2. P,(1) = 1.
844.3. sz(— x) = sz(x).
844 .4. sz,.H(— x) = - P2m+1(x).

844.1. P,(x) = 2 — 1)m.  [Ref. 22, p. 160, eq. 1.]

[Ref. 22, p. 150, eq. 5-7.]

845. First Derivatives, P,/ (n) = (% P.(u).

Py(u) = 0.
Py(u) = 1.
Py (u) = 3p.

1
Pi(w) =3 (3-5u* — 1-3).
1
Py(u) = 5 (576" — 3-5u).
PY(u) = i (5-7-9ut — 2:3-5-7u2 + 1.3-5).

Pe'(ﬂ)=i4(7guu — 2.5.7-0u8 4 3-5:7p).

.—l

P/ (u) = 546 (791113y—357911u
+3-3.5:7-94% — 1-3-5-7).

Note that the parentheses contain binomial coefficients as well as other
factors. [Ref. 25, p. 957.]

For tables of numerical values see Ref. 22, pp. 278-281, Ref. 45, pp. 188-
197, and Ref. 52, 53, and 54.
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(6 —ccosax)dr L
860.2. , @t — 2accosz + ¢ a’ La > ¢,
=0, [a <]

[Ref. 7, Art. 46.]

/2 sin? z dz T
860.3. j; 1 —2acos 2z + o 4(1 +a)

[Ref. 16, Table 50, No. 1.]

/2 cos® z dx T
860.4. j(: 1—2acos2z+a® 41 —a)’

TS fa?2 > 17,

[Ref. 16, Table 50, No. 2.]

[a?2 < 1],

™ dx
860.5. j(: v (1 £ 2a cos z + a?)
=2 T4 _ 9k [at<1]
- f(; V(1 —atsin2p) ’

[See 773.1 and Table 1040.7]
[Ref. 16, Table 67, No. 5.]

ISR

0
861.1. f e %%y =
0

0T e—ba: b
861.11. f —x——dx = lOg a' [Ref 7, par. 288]
0

861.2. f heordy = r—(’;n%l—), [n>—1a>0]
~/0
!
= a%;—i, [n = positive integer, a > 0].
e e v
861.3. j; ey = 3T [a> 0] [Ref.7, Art. 272.]
L] i 1
861.4. f zedr = =
o 2
861.5. f e dr = N7, 861.6. f r%e~dx = v,
0 4 —ca 2
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- 1-3-5 --- (2a — 1)
861.7, f 22 dy = —
[ 5

2a+1pa
861.8. f edy = % r (%) [p > 0].
]
862.1 4T _ —1—10 2 [Ref. 16, Table 27, No. 1.]
edo A 1 + epx = p gg . R . y y . .
> zdz w2 * zdxr _ =?
862.2. fo 2T sz3. ("=
863.1. fw e sinmz dr = ﬁ‘n?’ [a > 0].
o
863.2, f €% cos mx dx = EE—}—ir—n—E’ [e > 0].
1]
[Ref. 7, Art. 201.]
® a2 _ '\/7|' —p?/al
863.3. e~ ¢cos 2px dx = 55 ¢ . [a > 0].
(1]
[Ref. 7, Art. 283 and Ref. 20, p. 47, No. 119.]
863.4. ceTsingz dx = ctn~'a = tan™! 1 , [a > 0].
A x a

[Ref. 11, p. 154, Ex. 3.]

Ylogz ., «?
soal | {oode= -
[See 48.2 and Ref. 7, Art. 299.7]
Tlogz , = 72
864.2. fo' T de = T
1 logx _ oz
864.3. fo' T pde = — %
1] 2
865.1. f lﬁg_(_l.-i__x) dr = T.
o z 12
1 — 2
865.2. f ligudx =,
A x 6
1 2log 2 1 2~ 1)»
20 ' =220
865.3. fol <*log (1 + z)dx % 1 + TP i

[a = integer].
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/2 /2
854.1. f sin™ z dz = f cos™ z dx
1] 0

_2:4.6--- (m —1)
- 1-35---m
[m an odd integer > 1],
1-3:5-«-(m— 1D~
2:46---m 2

[m an even integer],
m-+1
r(%5)

=T
21

[m any value > — 17,

! I'(m)T'{n)
855.1. B(m,n) = f 211 — z)* e = =——=<,
? A T(m +n)
B(m, n) is called the Beta function. [m and n > 0.]
L] xm~1
855.2. Afo‘ mm dz = B(m, n).
2 n 1, /m+1 n41
855.3. j(: sin™ 6 cos™ § df = §B<—2—, 5 >,

fmandn > — 1]. [Ref. 7, p. 259.7]

1 1 m+1.n+1
m 2y (n—1)/2 = = -,
855.4. Jox(l z?) dx 2B< 3 3 );

[Ref. 7, p. 259.]

[mandn > — 1]

1 meI _I_ 2}"—1

8555, [ T2 _
, 1+ 2™

dz = B(m, n), [m and n > 0]

[Ref. 6, Art. 122.]

855.6. f ™Y g — z)*dz = a™"'B(m, n),
Q

[mandn > 0].

* g™y _ B(m,n)
855.7. £ (ax+b)”‘+" - a™br

[Ref. 8, p. 133.]

[m and n > 0].
[Ref. 6, Art. 122.]

856.1.

856.2.
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widf_ 1 R
e m—1’

[m > 1]
[Ref. 20, p. 46, No. 107.]

[0<p<1]
[Ref. 7, p. 246.]

© gy 7w
o 1Tz sin pr’

© dz
856.3. ———— =
j; T Fovz
® dr
856.4. j: m = T CSC pm, I:p < 11
[Ref. 16, p. 44.]
856.5. f (lj—xx)x” = — 7 ctn pw, [p < 1].
0
[Ref. 16, p. 44.]
© gm1dy T
856.6. Bt [0<m<nl
7 Sin —’I'T
[Ref. 7, p. 246.]
* adr T
856.7. ‘fo. m = '2‘ ’ [a > 0],
= O, a = OJ’
[
= - %, [a < 0]

856.8

857.1

857.2.

857.3

[Ref. 5, No. 480.]

b dzx _ T
: fo (@ + 2B + 25 2abla +b)
[Ref. 7, p. 73, No. 4.]

1 dx _ p¥wl(p)
) j; VA —a) T+
1 dz

[Ref. 6, p. 168, No. 5.]

¢ 3
2 sin ¢
[Ref. 16, Table 6, No. 3.]

jo. 1+ 2rcos ¢ + 22~

0 dz __®
' ‘£1+2xcos¢+x2_sin¢
[Ref. 40, p. 80. No. 10.]
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858.1.

858.2.

858.3.

858.4.

858.5.

DEFINITE INTEGRALS

T
[ sin mz sin nx dx = 0, [m £ n; m, n = integers].

[m # n; m, n = integers].

[Ref. 20, p. 46, No. 111.]

T £ T
sinfz dr = coslzdr = - -
0 [+] 2
T
f sin? nx dr = f cos?nz dr = §,
0 o

[Ref. 20, p. 46, No. 112.]

L
f cos mzx cos nx dx = 0,
0

[n = integer].

“ sin d
[tz [m > 0],
[
=0) [m=0]!
T
=—‘§, [m<0].

[Ref. 5, No. 484.]

858.51. f cosaxr = cO8 Oz bz dz = log g-
]

858.6.

858.7.

858.8.

858.9.

859.1.

x
[Ref. 7, p. 289, No. 8.]

sin z dz © cos x dr
f j‘; _\/5‘—- = \/(7"/2)-

[Ref. 7, Art. 302.]
f“’ cos x dz
= o0,
A z

./c; Smx?vosmdx =0, (m? > 1],
=£’ [m=10r_1];
- % [m? < 1]

*/2 dz cosla
j,: 1+acosz 1 —ad’ [¢ < 1]

[Ref. 7, p. 22, No. 42.]
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27 dx 2
850.2. j; [ Fasos ™ T’ [a® < 17.
[Ref. 21, p. 111.]
T dx T
859.21. j; T ewE = T@ =D [a > 1].

[Ref. 39, p. 191, No. 60.]

=2 dz
859.22. f S — Ref. 40, Art. 88.
o (sinz + cos z)? L ]

850.3. ow s = Z e, [m > 0],
= Zrz-e"' s [m < 0]
[Ref. 7, par. 290.]

850.4. le“;—:i”dx -7

850.5. f " sin (22)dz = f * cos (A)dr = 1(r/2).
’ [Ref. 11, p. 156, Ex. 6.]

sin x dz 1+%
850.61. f T s = 78 T e < 11
r/2
850.62. __coszdz 1 £ sintk, [k < 1].

V({1 — kK sin? )
[Ref 16, Table 57, Nos. 2 and 3.]

0

= & (K — B),
[modulus %; k* < 1].

sin? x dz
859.63. f V(A = K*sin?z)

T2 cos’zdx 1
850.64. fo T ey = i (E~ (L~ WK,
[modulus k; k2 < 1.

[Ref. 16, Table 57, Nos. 5 and 7.]

T cos mx dz Tam
860.1. j‘: 1—2acosz+a 1—a’

[m an integer = 0; a> < 17.
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00 1 n—1
850.1. f v le—?dr = f (log 7-10> dz = T'(n).
0 0

[See Table 1018.]

I'(n) is the Gamma function. The integral is finite when n > 0.

850.2. I'(n + 1) = nT'(n).

850.3. I'(n)T(1 — n) = el
850.4. I'(n) = (n — 1)!, when n is an integer > 0.
850.5. I'(l) =T(2) = L. 850.6. T'(}) = +m.

850.7. T(n+3) = 1:3-5- --- 2n — 3)(2n — DV7/2%,
[» an integer > 0]. [Ref. 10, p. 301.]

Sa? St | St

851.1. lOgI‘(1+z)=—Cx+—§—— 3 +—4——”',
[#? < 1),
where C is Euler’s constant,
1
C=1im[—10gp+1+%+%+'-'+5]=O.5772157
p—rw
and
1 1
Sp=1+§5+3;+"‘~
1 il Saxs—tgis—oo-
851.2. logl‘(1+x)=§logsinx7r—0x—-——3— 3 .
1 T 1 14z
851.3. lOg I‘(1 -+ x) = —élogm - §lOg 1-z

%8
FA-Or— G -DE -G —-DF -

i i han 14
Use 850.2 and 850.3 with these series for values of z greater t :
[Ref. 7, par. 269-270 and Ref. 10, p. 303.]

194
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8514, T'(z+ 1) ~ 2%=v (2r2) [1 + %a_c T 2_8%;?2

_ 189 s
51,8408 _ 2,488 3207 ’

where ~ denotes approximate equality. This gives an asymp-
totic expression for ! when z is a large integer.

[Ref. 44, v. 1, p. 180.]7  [See 11.]

851.5. logT(x+1) = 3log(2r) —z+ (z+ 3)logz

B, B, Bs
tTi% " 34 T5e ™ "
[See 45 and 47.1.]

This is an agsymptotic series. The absolute value of the error
is less than the absolute value of the first term neglected.
[Ref. 42, pp. 153-154.]

Note that By = 1/6, By = 1/30, By = 1/42, etc., as in 45.

852.1. fw e=logzdx = — C,

1}
where C = 0.577 2157, as in 851.1.

1
852.2. f log (log z)dz = — C.
0

852.3 1(-—1——+——1—— dx = C
"L‘ logz  1—=z o

©1 1 - _
852.4. A/; 5 (T—_F? ~— € > dz = C.

* 1 1
852.5. A/(: (F—‘_i — 5:?-) dz = C.

853.1. II(n) = T'(n +1).
II(n) is Gauss’s Function.

[See 850 and Table 1018.]

853.2. If n is a positive integer, II(n) = nl,
853.3. II(0) = 1.
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Bl

865.4. f " tlog (1 + 2)da = o s =D 1)"_1

° [a = integer].
865.5. f ' *tlog (1 — z)dx = %}: —17; [a = integer].
° [Ref. 16, p. 152.]

865.6. f logA+2), _ %log. 2. [Ref. 7, Art. 51.]

1+ 2

1/2
866.1. f <logl) d —-ilr-
A z

v 1 -1/2
866.2. j <log —) dr = .
A z

1 1\?
866.3. f <log;c-> dz = D(p + 1), [-1<p< ]
4]

[Ref. 16, Table 30, No. 2.7

1 1 p+1)
866.31. ‘£ ™ (log 5)”(117 = -(W%TP'H N

[m+1>0, p+1>0] [Ref.40, Art.97.]
866.4. f '(log2)?ds = (— 1»pl.  [Ref. 20, p. 47, No. 121.]
(1]

867.1. fllogxlog(l 4 a)dr =2 —2log2 — Té'
o

1 n?
867.2. f logzlog (1 — x)dz =2 — 5"
0

! 1
867.5. f zlog (1 + )z = +-
0

i 00

1
867.4. f zlog (1 — z)dx = —
0

a2

! 1
867.5. f zlog z log (1 + x)dx = %3

0

1 2
867.6. f zlogzlog(l ~ a)dx =1 — ﬁ'

0

1 3 3
s677. [ (14w logalog L+ =5~ 2log2 — 71
Q
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1
867.8. f (1 —2z)logzlog (1 —z)dw =1 — T
[

R
T/2 . /2 T
868.1. f logsinzdz = f logcoszde = — 3 log 2.
n 0
[Ref. 7, Art. 51.]
868.2 . 1 . o 72 log 2
2, zlogsinz da = — 5 [Ref. 5, No. 522.]
(1]

/2
868.3. f sin z log sin  dz = log 2 — 1.
’ [Ref. 7, p. 74, No. 13.]
T 2 72
868.4. f log (@ £ b cos )dz = 7 log [-%I-—b)] ’
0
[a =] [Ref. 5, No. 523.]

/2
868.5. f log tan z dz = 0. [Ref. 7, p. 74, No. 12.]
0

868.6. fr log (1 + tan z)dx = 3 log 2. [Ref. 7, Art. 51.]

868.7. f log (a? — 2ab cos z 4 b¥)dz = 27 loga, [a = b > 0],
=2rlogh,[b=a>0]
[Ref. 7, par. 292.]

[Ref. 20, p. 47, No. 120.]

o0
860.1. f de __ 7,
A coshar 2a

® —Qax - -—————1 .
875.1. ﬁ € Jo(bx)dx - _\/ (az + bz)
| . __ 1 [Y@+¥W)—a)"
875.2. ./(: 2], (bx)dz = NCESD) { b }

[Ref. 12, p. 64, eq. (1) and (2).]
876. ff cos (nep — zsin ¢)de = rJ.(x).
0

where 7 is zero or any positive integer.
[Bessel’s Integral. Ref. 12, p. 32, eq. (9).]
For very complete tables of definite integrals see References 15 and 16,
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880. Simpson’s Rule. When there are a number of values
of y = f(z) for values of z at equal intervals, &, apart, an
approximate numerical integration is given by

b
f(x) dx%:g[yo + 4y + 2y +4ys + 2y + . ..
o + 4y2n 1 + yzn]

where h = 1, — zo = the constant interval of z, so that
2nh = b — a. The coeflicients are alternately 4 and 2 as in-
dicated. The approximation is in general more accurate as
n is larger. In this way, a numerical result can often be
obtained when the algebraic expression cannot be integrated
in suitable form. This computation can be performed as one

continuous operation on a manual calculating machine, usin
a table of f(z). ‘

881. An estimate of the error in the above approximate formula
is
nh® fo(x) (b — a) hi*(z)
90 180

where the largest entry found in the fourth column of differ-
ences in the table of f(z), in the range between a and b, may be
used for the numerical value of A%Y*(z). See also pages
184-5 of ““Methods of Advanced Calculus,” by Philip Franklin
(Refer. 39).

882. The following alternative formula is more accurate, with
many functions, than No. 880. It also ecan be computed in
one continuous operation on a manual calculating machine.

b
;f(x) dz ~ ‘% [1.4yo + 64y, +24y.+6.4y; + 2.8y
+64y;+24ys+ 6.4y +2.8ys

........................

+64Ysn_s+ 24 Y2+ 6.4Yyspn_1+ 14 y4n]

where 4nh = b —a.

DIFFERENTIAL EQUATIONS

890.1. Separation of the variables. If the equation can be put
in the form fi(z)dz = f:(y)dy, each term may be integrated.

800.2. Separation of the variables by a substitution—Homo-
geneous equations. If the equation is of the form

filz, y)dx + folx, y)dy = 0,
where the functions are homogeneous in z and y and are of the
same degree, let y = uz. Then
dr _ fo(1, u)du
z - T AW R
If more convenient let x = uy.
890.3. Separation of the variables by a substitution, for equa-
tions of the form
filxy)y dx + folxy)x dy = 0,
where f; and f; are any functions. Let y = u/r. Then
dr folw)du .
z ulfe(w) — frlw)}
800.4. An equation of the form
(ax + by + ¢)dx + (fx + gy + h)dy = 0

can be made homogeneous by putting z = 2’ + m and
y =y’ + n. The quantities m and n can be found by solving
the two simultaneous equations in m and n required to make
the original equation homogeneous. This method does not

apply if

ax + by
fr + gy
but we can then solve by substituting az + by = u and elim-
inating y or z.
800.5. Exact differential equations. If M dz + N dy = Ois an
equation in which

= g constant,

oM _ aN

ay oz

it is an exact differential equation.
205



206 DIFFERENTIAL EQUATIONS

Integrate /° M dzx, regarding y as a constant and adding an
unknown function of y, say f(y); differentiate the result with
respect to y and equate the new result to NV; from the resulting
equation determine the unknown function of y. The solution
is then

fde + /) +e =0,

If more convenient, interchange M and N and also z and y in
the above rule.

[See Ref. 32, 4 Course in Mathematics, by F. 8. Woods and F. H. Bailey,
vol. 2, ed. of 1909, p. 270.]

8901.1. Linear equations of the first order. A differential equa-
tion is linear when it has only the first power of the function
and of its derivatives. The linear equation of the first order
is of the form ‘

%+Py=Q or dy -+ Pydzx = Qdz,

where P and @ are independent of ¥ but may involve 2.
Insert ¢/ 7% as an integrating factor. The solution is

Y= e"fp"”[fef”’de—l—cJ.
891.2. Rernoulli’s equation. If the equation is of the form

dy A
%+Py—Qy,

where P and @ do not involve y, it can be made linear by
substituting 1/y*! = u. Divide the equation by y* before
making the substitution.

892. Equations of the first order but not of the first degree.
Let P
oy _
dz ~ P
If possible, solve the resulting equation for p. The equations
given by putting p equal to the values so found may often be
integrated, thus furnishing solutions of the given equation,

893.1. Equations of the second order, not containing y directly.
Let dy/dz = p. The equation will become one of the first
order in p and z. It may be possible to solve this by one of
the methods of the preceding paragraphs.
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893.2. Equations of the second order, not containing x directly.
Let

Then
dy dpdy _ _dp.

d? dyds Py
The resulting equation is of the first order in p and y and it
may be possible to solve it by one of the methods of the pre-
ceding paragraphs.

894. To solve
d’y
dx?
where A and B are constants, find the roots of the auxiliary
equation p®2 + Ap + B = 0. If the roots are real and unequal
quantities o and b, the solution is y = he®* + ke, where A

and k are constants.
If the roots are complex quantities m + in and m — in,

dy _
+Ag +By=0,

y = e™(h cos nx + k sin nx).
If the roots are equal and are q, g,
y = e“(hx + k).
895. Equations of the nth order of the form
dny dn—ly dn—2y
a TAG T By
where A, B, ---, K are constants. This is a linear differential
equation.
For each distinet real root a of the auxiliary equation

p" + Ap™i 4+ Byt 4 ee + K = 0,

there is a term he® in the solution. The terms of the solution
are to be added together.

When a occurs twice among the n roots of the auxiliary
equation, the corresponding term is ¢**(hz + k).

When a occurs three times, the eorresponding term is

e*(hx? + kx + 1),

+"‘+Ky=0:

xn—2

and so forth.
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When there is a pair of imaginary roots m + ¢n and m — in,
there is a term in the solution

e¢™(h cos nz + k sin nx).

When the same pair occurs twice, the corresponding term
in the solution is

e™*{(hz + k) cos nz + (sz + t) sin nz}

and so forth.
896. Linear differential equations with constant coefficients.

dn—?
y+... +Ky=X

dxn—Z

5 T+ B
where X may involve z.

First solve the equation obtained by putting X = 0, as in
804 or 895. Add to this solution a particular integral which
satisfies the original equation and which need not contain
constants of integration since n such constants have already
been put in the solution.

897. The “ homogeneous linear equation » of the second order,
d%y dy
22 J —_— =
e + Ax de + By = f(z)
becomes a linear equation with constant coefficients
d? d
S+ @ -0+ By =@

by substituting z = €.

[See Elements of the Infinitesimal Caleulus, by G. H. Chandler.
Ref. 8, Chaps. 4445, or other textbooks.]

808. Linear partial differential equation of the first order,
0z 9z
P o +Q Fi R.

To solve this, first solve the equations

dz _ dy _ de
P Q R’
and place the solution in the form % = ¢;, ¥ = ¢c2. Then
ﬁ"(u; 1)) =0,

where ¢ is an arbitrary function, is the solution required.
[Ref. 11, p. 292.]

APPENDIX

A. Tables of Numerical Values

B. References




TABLE 1000—v (a? 4- b%)/a
:.s| ."ol :a| :al :a' 3' ) <
Ha s Has Ha He T ;: Q j; S
5] 3 3 3 3 S
8 | 3 = 3 ~ =] (=] ~— =] ~| =] ~— 3 ~—~
= > = > = - = = - = > = > = \(I
0 1.000 | 1756 1015 | .300  1.044 | .350  1.059 | .400  1.077 | .450  1.097 | 500  L118 | .550  1.141
o010 1000|180 1016|302 1045 | 352  1.060 | 402  1.078 | 452  1.097 | .502 1119 | .552  1.142
020 1000 | 185 1017 | 304  1.045 | 354 1061 | .404  1.079 | .454  1.098 | .504  1.120 | .554  L.143
030 1000 | 190 1018 | 306 1046 | 356  1.061 | 406  1.079 [ 456  1.099 { .506  1.121 | .556  1.144
040 1001 | 195 1019 | 308  1.046 | 358  1.062 | .408 1080 | .458  1.100 [ 508 1122 { 558  L145
050 1.001 | 200 1020 .310 1047 |.360 1.063 | .410  1.081 | 460  1.101 | .510  1.123 | .560  1.146
060  1.002 | 205  1.021 | 312 ‘048 | 262 1064 | 412 1082 | 462 1102 | 512 1123 | .562  1.147
070 1002 | 210 1022 | 314 1048 | 364  1.064 | .414  1.082 | 464 1102 | 514 1124 | 564  1.148
v | 080 1003|215 1023|316 1040|366 1065} .416  1.083 | 466  1.103 | .516  1.125 | .566  1.149
= |00 1004|220 1024 |.318 1049 | 368  1.066 | .418 1084 | 468  1.104 ) 518  1.i26).568 1150
100 1005 | .225  1.025|.320 1050 |.370  1.066 | 420  1.085|.470 1105 |.520 1127 [ .570  1.151
‘105 1005 | 230 1026 ) 252 1051 ) 372  1.067 | 422  1.085| 472  1.106 | .522 1128 | .572 1152
110 1008 | 235 1097 | 324 1051 ) .374  1.068 | 424 1086 | 474 1107 | 524 1129 | .574  1.153
115 1007 | 240 1028 | 326  1.052 | .376  1.068 | 426  1.087 | 476  1.108 | .526.  1.130 [ .576 1154
‘120 1007 | 245  1.030 | 328  1.052 | .378  1.069 | .428  1.088 | .478 1108 | .528 1131} .578 1155
125 1008 | .250 1.031|.330 1.053|.380 1070 | .430 1080 | .480 1109 | .530 1132 | .580  1.156
‘130 1008 | 255 1032 | 332  1.054 | .382  1.070 | 432  1.080 | .482 1110 | .532  1.133 | .582 1157
‘135 1000 | 260 1033 | 334  1.054 | .38¢  1.071 | 43¢ 1090 | 484  1.111|.534  1.134 | .584 1158
‘140 1010 | 265 1035 | .336  1.055 | .386  1.072 | 436  1.091 | 486 1112 | .536  1.135|.586  1.159
‘145 1010 | 270  1.036 | .338  1.056 | .388  1.073 | 438  1.002 | .488 1113 | .538  1.136 | .588  1.160
150 1011 .275  1.037! .340 1056 .390 1.073|.440 1093|490 1114 | .540  1L136|.590  1.161
185 1012 | 280 1038 | 342 1057 | 302  1.074 | .442  1.003 | 492 1114 | .542 1137 | .592  1.162
180 1013 | 285 1040 | 344 1058 [ 304  1.075 | .444  1.004 [ 494  L115|.544 1138 (.594 1163
65 1014 | 200 1041 | 346 1058 | 306  1.076 | 446  1.005 | .496  1.116 | .546  1.139 [ .506  1.164
‘170 1014 | 205 1043 | 348 1059 | .398  1.076 | 448  1.096 | .498  1.117 | .548 1140 | .598 1165
TABLE 1000 (continued)— (a® + »)/a
& N EN Y EN X kN Ky
;I; 3 ;L: ] “+ -] j_ 3 j_ (5] + 3 + (<] + 3
S = S S S K ) G °
2 M2 )8 A2 A8 Al Al Al o3
-~
600  1.166 | .650  1.193 | .yo0  1.221 | .750  1.250 | .800 2
.ggi % igg ‘ggZ % igg .ggz iggg ;gz %.221 .802 iﬁzgé Zgg(z) %gﬁ Iggg ] gi? :ggg i gg?
) 65 ; : 252 | 804  1.283 | .854  1.215 | .004  1.348 | 054  1.382
606 1169 | 656  1.196 | .706  1.224 | 756  1.25 ) X
608 1170 | 658 1197 | 708 1225 | 758 1 25§ ggg }Iggg Iggg i gig :ggg ilgég Iggg 1 ggg
610 11711 .60 1108 | 710 1.226 | .7e0  1.256 | .
.giz H;g .ggz %.%gg .gﬁ %ggg .;gi iggg .g%g %Zggg fggg ig%g Ig%g %ggg :ggg i ggg
: : : : . . ) 81 1.280 | 864  1.322 | 814  1.355 | .064  1.389
616 1175 | 666 1201 | .716  1.230 | .766  1.26 6l :
o 618  1.176 | .668  1.203 | 718  1.231 ! .768 1.26(1) gig iiggé Zggg i %%ij Zgig igg? Zggg i:ggg
620 1177 | 670  1.204 | 720 1232 | 770 1.262 | .82 :
= |22 1178 | 672  1.205 | 722 1.233 | 72 1.26§ :823 %Zggg 'gg(z) iggg 'ggg i'ggg 'ggg %ggg
.ggg } .gg .gg/g i.ggf; .;gg iggg .;;/g iggg .s% 1.296 | 874  1.328 | 924  1.362 | .974  1.396
628  1.181 { .678  1.208 | .728 1237 | 778  1.267 Igzs iﬁggg Zg;/g %g:%? Iggg iﬁggi Ig;g ilggg
630 1182 | .680  1.209 | 730  1.238 | .780  1.268 | .83
.ggi Hgi .ggi %g{g ;gi }.gig .;gi {Iggg Iggg iigg(l) Iggg {33% Iggg %Iggg Iggg iligg
638 1185 | 686 1213 | 736 1342 | 786 1973 ngg }2‘3)8% 'ggé }ggg 'ggé %g% 'ggé 1'1‘83
638 1186 | 688  1.214 { 738  1.243 | 788 1273 | 838  1.305 | .888  1.337 | .938  1.371 | .988  1.406
540 1187 | 600  1.215 | 740  1.244 | 790  1.27
.gﬁ Hgg .ggi i%}? '?ﬁ }gig .;gi 1.2;% Igig i:§8$ Zggg %Igig Igig %gﬁ 'ggg it&i
. : . . . . . 1.277 | 844  1.309 | .894  1.341 | .b44  1.375| .994  1.410
646 1.191 ] 606  1.218 | 746 1248 | 796 1278 | .846  1.310 | .806  1.34 . . .
: : : : : : : 343 | 946 1.377 | 996 1411
648 1192 | 698 1220 | 748 12491 798 1279 | .848  1.311 | .898  1.344 | .D48  1.378 908 1.413
. 1414
@+ =at+l Y 4 m<cal Th imati b -
%2 85 - [ <a?] e approximation v (a? 4 %) = a + 55 18 correct within 1/1000 when b/a < 0.3.




TABLE 1010—TRIGONOMETRIC FUNCTIONS _
& ki ] Ei’t&?g% 8235% $$%EE %5’5’832 {Characteristics of Logarithms omitted — determins by the usual ruls from the value]
A [IIRE KSRIS BRI8E Sd® ke SRHNRS
RADIANS| DEGREES SINE TaxgeENT | COTANGENT CosiNe
Valne Logy|Value Logyy Value  Logy|Vaiue  Logyg)
TN BT i ey P pror s e .
ShoOnl RRBS- Cowb0 hONOS BHBHoO 10029 10 [ 0029 .4637 | .0029 .4637|343.77 5363 1.0000 .0000 50 | 1.5679
B mon munen boaDe mmgNo SRS 10058 20 | 0058 7618|0058 .7648(171.89 .2352|1.0000 .0000 40 | 1.5650
| oudas ooo0s Hxbon 20o0bS SLXa9 0087 3010087 0408 !.0087 .9100|114.50 .05011.0000 .0000 30| 1.5621
AARAR ARARG AARET AAANT ANERES 0116 40 | 0116 0658 6116 .065885.940 .9342| 9999 0000 20 | 1.5592
0145 50 | .0145 .1627 |.0145 .1627|68.750 .8373| .9999 .0000 10 | 1.5563
0175 | 1°00°].0175 .2419].0175 .2419|57.200 .7581| .9998 .9999| 89°00°] 1.5533
0204 10 ].0204 .3083|.0204 .3089|49.104 .6911| .9998 .9999 50 | 1.5504
VORRS SRUBY VRN SSINT 285322 | 0233 2010233 3668 |.0233 .3660|42.964 .6331] .9097 .9099 40115475
8 [mEREN RRREE RIIIZL IIIEZ IZEZ35E . o 0262 30|.0262 4179|0262 .4181|38.188 .5819| .9997 .9999 30 | 1.5446
A S A e e E R 0291 40 |.0291 .4637|.0291 .4638 34.368 .5362| .9996 .9998 20 | 1.5417
— L9 0320 50 |.0320 .5050|.0320 .5053 | 31.242 4947 .9995 .9998 10 | 1.5388
QOm 8 o0
Y 990822 KBRS 9339% 1B3eRg 2382] |® 8 oo | 2000 ‘ o00s 9007 | 88°00° _
A Se HARSS SESSS ARSEN |5 S Oira | F 01 0% Tirel 0ara aro| s amot| ‘oo ooer| oo 30| 1hmme
— o g 0107 20 |.0407 .6097 | .0407 .6101]24.542 .3899| .9992 .9996 40 | 1.5301
2 o e 0436 30 |.0436 .6397|.0437 .6401|22.904 .3599| .9990 .999% 30 | 1.5272
& B9 0465 40 | 0465 6677 |.0466 6682 (21.470 .3318| .9980 .9995 20 | 1.5243
o .0495 50 |.0404 .6940|.0495 .6945]20.206 .3055| .9988 .9995 10| 1.5213 _
ODOHI0 bHOING O ANOOW <Hbh=OD-M '_O_‘ .
B | g|yBcn: BoTwy 23$ﬁ§ Smmas monwe |8 & 0524 | 80007 0523 7183(.0824 7104110081 2906! 0086 .0004 87000 15184
T RRRND DVNSSD DSOS OO Ot~ - 0553 10 | .0552 .7423].0553 .7429|18.075 .2571; .9985 .9993 50 | 1.5155
= 0552 7423 . . . 515"
Zo[ Feeeee RRXRE RRRXL GRART EGaeqx | g g 0582 20 0581 7645|0582 T652|17.169 2348| .0083 .9093|  40|1.5126
S s 8 0611 30,0610 7857 |.0612 .786516.350 .2135| .9981 .9992 30 [ 1.5007
([.3 S 45 0640 40 |.0640 .8059 | .0641 .8067 |15.605 .1933| .9980 .9991 20 | 1.5068 _
RS .0669 50 |.0669 .8251|.0670 .8261|14.924 .1739] .9978 .9990 10 | 1.5039
Z o9 °00’
O WORNND DM OI0D O H a0 0698 | 4°00°[.0608 .8436|.0699 .8446|14.301 .1554| .9976 .9989| 86° 0 1.5010
P | o |BRREE Kedan Seed 98See KhERN 58 0727 10 ].0727 .8613].0729 .8624|13.727 .1376| .9974 .98 1.4981
- e - a1 0756 20 1.0756 .8783|.0758 .8795|13.197 .1205| .9971 .5088 40 [ 1.
< 2 _ & 0785 30 |.0785 .8946|.0787 .8960|12.706 .1040| .9969 . _
S| w|o22%n HERSs 5RE33 ISIRE °TERE S & 0814 40 |.0814 .9104|.0816 .9118{12.251 .0882| .9967 .&
H|KIFE2 35553 © 4~ 0844 50 [.0843 .9256 |.0846 .9272(11.826 .0728| .9964 .9¢
21 ALTTTTT 0TI it v o+
< S 0873 | 5°00’).0872 .9403|.0875 .9420 11.430 .0580| .9962 .
u.-!J § = o leg 10,0901 .9545|.0904 .9563]11.059 .0437] 9050
09 20 | 0920 9682|.0034 .9701|10.712 .0200| .9957 . _
19 woae soous Somen 3 .%g % 0958 .9816| .0063 .9836 | 10.385 .01& .9954 .
3 o980y 5SIRY VR LRBILL X L0087 .9045|.0092 .9966|10.078 .0034| .9951
il O PR :3%32 Moane mooon oamma |8 = 1018 50 .1016 .0070| 1022 .0003|9.7882 .0007 | .9048 .0
N TIEo5da oooaod cnc:ooggoo 000080000 00 00 00 00 0 < o . connr e e R BN U,
3 H | S2SEGR RRIRR QRIPRRY RRRRR XRRXXQR g 3 047 | 6°00°).1045 .0192|.1051 .0216]9.5144 .9784| .9945 .
2 - .1076 10 [.1074 .0311|.1080 .0336|9.2553 .0664 | 9942 . _
> g 4 1105 20 |.1103 .0496|.1110 .0453)|9.0098 .9547| .9939 .
=
P 2 & Hﬁ ;sg .}13% '8229 .1139 0567 8.§ggg .gggg ggg K _
. 1161 . 1169 | . . . .
< | R85%] SRIRIY 28583 TLWT fE=s2 2 1103 511190 0758 ﬂr}g .g%g 83450 o9t2| ‘9095 0960 10| 14515
A e A At e P 1222 | 7°007).1219 .08591.1228 .0891|8.1443 .9109| .9925 .9968 | 83°00'] 1.4486 _
T i aomom orome - B 1951 %8 1248 0961 1257 .0095(7.9530 .0005| .0022 .9906 50 | 1.4457
(| xoeny oo v & 1980 1276 1060 |.1287 .1096|7.7704 .8904| .9918 .9964 40 | 1.4498
19 N ™=
Y gidng 59397 23885 2885 |/IKNS 8 o 1309 30 [.1305 .1157|.1317 .1104]7.5958 .8806| .9914 .9963 30 | 1.4399 _
o T R R A A s 2 1338 4011334 12520 1346 .190117.4287 .8700| .9011 9061 20| 1.4370
£ 8 1367 50 | 1363 1345|1376 1385|7.2687 .8615| .0907 .9959 10 | 1.4341 _
% @ 1396 | 8000’1 1392 .1436.1405 .1478/7.1154 .8592| .9003 .0958] 82°00'] 1.4312
i OINRE BOGEN OO0 bgrioe 2 5 'ﬁﬁ %8 .i421 .1225 .1435 .1569|6.9682 .8431| .9899 .9956 Zg }.ggg _
TR ey oiood 2ICUT shmsE |2 £ 1ol | 0|7478 1607 1405 104c 6603 Socs| 090 ooge| 50| Lasmy
G .17456.6912 .8255| .9890 .0052 30 | 1.4924
220X HOoobiy BIF0n fanAq JAaDg > 8 1513 10 |11507 1781|1524 .1831]6.5606 .8169| 9886 .9950 20 | 1.4195
SRGRa Aneqn aaaas anans aanns 5 o 1542 | 5011536 1863|1554 .1915|6.4348 .8085| 9881 9948| 10 | 1.4166
g g 1571 | 9°00°|.1564 .1943|.1584 1997 |6.3138 .8003| .9877 .9946|81°00°] 1.4137 _
—i
I = oot r e TowValde oo leroyo T -
& 82383 38’5%’% 9:§,°2$ Wghﬂa 8&‘%“& k‘o é v COSIN‘;UEIO 'é’-(’)‘;im;;&{?o Ve B Value 108w Drezers/Raptans
UL I S R i e o i 7=d vt t t




TABLE 1010 (continued)—TRIGONOMETRIC FUNCTIONS

[Characteristies of Logarithms omitted — determine by the usual rule from the value)

TABLE 1010 (continued)—TRIGONOMETRIC FUNCTIONS

[Characteristics of Logarithms omitted — determine by the usual rule from the value]

> SINE TANGENT COTANGENT Cost
tADIANS| DRGREES Value LogylValue Logy|Value  Logy|Value leogm
1571 9°00{ .1564 .1943|.1584 .1997 | 6.3138 .8003 | .0877 .9946 | 81°00’] 1.4137
.1600 10 |.1593 .2022 | .1614 .2078 |6.1970 .7922|.9872 .9944 50 | 1.4108
.1629 20 | .1622 .2100 | .1644 .2158]6.0844 .7842[.9868 .9942 40 | 1.4079
1658 30 1.1650 .2176 ] .1673 .2236{5.9758 .7764 | .9863 .9940 30 | 1.4050
1687 40 | .1679 .2251.1703 .23135.8708 .7687 | .9858 .9938 20 | 1.4021
1716 50| .1708 .23241.1733 .2389(5.7694 .7611|.9853 .9936 10 | 1.3992
1745 [10°00°| 1736 .2397|.1763 .2463 | 5.6713 .7537 | .9848 .9934 | 80° 00’| 1.3963
1774 10].1765 .24681.1793 .2536 | 5.5764 .7464|.9843 .9931 50| 1.3934
1804 20({.1794 .25381.1823 .26095.4845 .7391:.9838 .9929 40 | 1.3904
1833 30 1.1822 .2606 | .1853 .2680 | 5.39556 .7320 | 9833 .9927 30| 1.3875
1862 40 | .1851 .2674|.1883 .2750|5.3093 .7250 | .9827 .9924 20| 1.3846
1801 50 |.1880 .2740|.1914 .2819|5.2257 .7T181 |.9822 .9922 10| 1.3817
1920 | 11°00°( .1908 .2806 | .1944 .2887 | 5.1446 .T113|.9816 .9919] 79°00'| 1.3788
L1949 10 | 1937 .2870|.1974 .2953 | 5.0658 .7047|.9811 9917 50 | 1.3759
1978 201.1965 .2934 |.2004 .3020 | 4.9894 .6980 | .9805 .9914 40 } 1.3730
2007 30 |.1994 .2997 | .2035 .3085 |4.9152 .6915 | .9799 ,9912 30 | 1.3701
2036 401.2022 .3058 | .2065 .3149 | 4.8430 .6851|.9793 .9909 20 [ 1.3672
2065 50 | .2051 .3119|.2095 .3212|4.7729 .6788}.9787 .9907 10| 1.3643
2094 (12°00°(.2079 .8179|.2126 .3275 |4.7046 .6725(.9781 .9904 [ '78°00’] 1.3614
2123 10 |.2108 .3238|.2156 .3336 |4.0382 .6664 | .9775 .9901 50 | 1.3584
2153 201.2136 .3296 ] .2186 .3397 |4.5736 .6603 |.9769 9899 40 | 1.3555
2182 30| .2164 .3353 [ .2217 .3458 | 4.5107 .6542 | .9763 .9896 30| 1.3526
2211 40 ].2193 .3410(.2247 .3517 |4.4494 .6483].9757 .9893 20 11.3497
2240 50 {.2221 .3466 | .2278 .3576 | 4.3897 .6424 | .9750 .9890 10 | 1.3468
2269 1138°00’].2250 .3521{.2309 .3634 [4.3315 .6366[.9744 .9887 | 77°00'} 1.3439
2298 10 | .2278 3575 | .2339 .3691 | 4£.2747 .6309 | .9737 .9884 50 | 1.3410
2327 20 |.2306 .3629 | .2370 .3748|4.2193 .6252|.9730 .9881 40 | 1.3381
2356 30 |.233¢ .3682.2401 .3804 |4.1653 .6196.9724 .9878 30 | 1.3352
2385 40 |.2363 .3734].2432 .3859 |4.1126 .61411.9717 .9875 20 | 1.3323
2414 50 1.2391 .3786|.2462 .39144.0611 .6086;.9710 .9872 10 | 1.3294
2443 | 14°00’] .2419 .3837 | .2493 .3968 | 4.0108 .6032 | .9703 .9869 | 76°00'( 1.3265
2473 10 |.2447 .3887[.2524 .4021 | 3.9617 .5979 | .9696 .98G6 50 | 1.3235
2502 20 | .2476 .3937 | .2555 .4074|3.9136 .5926|.9689 .9863 40 | 1.3206
2531 30 |.2504 .3986 (.2586 .4127 | 3.8667 .5873 |.9681 .9859 30| 1.3177
.2560 40| .2332 .4035.2617 .41783.8208 .5822].9674 .9850 20| 1.3148
2589 50 | .2560 .4083|.2648 .4230|3.7760 .5770|.9667 .9553 10| 1.3119
.2618 | 15°00°| .2588 .4130|.2679 .4281 [3.7321 .5719.9659 .9849|75°00’| 1.3090
2647 10| 2616 4177 |.2711 .4331 | 3.6891 .56691.9652 .0846 50 | 1.3061
2676 20| .2644 .4223|.2742 .4381}3.6470 .5619|.9644 .9843 401 1.3032
2705 30| .2672 4269 .2773 .4430|3.6059 .5570.9636 .9839 30 {1.3003
2734 40 | .2700 .4314|.2805 .4479)3.56566 .5521 ) .9628 .9836 20 | 1.2974
2763 50 |.2728 .4359|.2836 .4527 |3.5261 .5473|.9621 .9832 10 | 1.2945
2793 116°00’| .2736 .4403|.2867 .4575 |3.4874 .5425|.9613 9828 | 74°00’| 1.2915
2822 10| .2784 4447 | .2899 .4622|3.4495 .5378|.9605 .9825 50 | 1.2886
.2851 20 |.2812 .4491.2931 4669 |3.4124 ,5331|.9596 .9821 401 1.2857
2880 30 |.2840 4533 .2062 4716 | 3.3759 .5284 | .9588 .9817 30 { 1.2828
2909 40 | .2868 .4576|.2004 .4762)3.3402 .5238 |.9580 .9814 20 {1.2799
.2938 50 | .2896 .4618].3026 .4808{3.3052 .51921.9572 .9810 10 | 1.2770
2967 |17°00°] .2924 .4659 | .3057 .4853|3.2709 .5147 |.9563 .9806 | 78°00’] 1.2741
2996 10 {.2952 .4700|.3089 .4893|3.2371 .5102|.9355 .9802 5011.2712
3025 201.2979 .4741.3121 .4943|3.2041 .50357 | .9546 9798 40 | 1.2683
.3054 30 |.3007 .4781|.3153 .4987 | 3.1716 .5013|.9537 9794 30| 1.2654
.3083 40 {.3035 .4821.3185 .5031|3.1397 .4969].9528 .979%0 20 | 1.2625
3113 50 {.3062 .48611.3217 .5075|3.1084 .4925|.9520 .9786 10 | 1.2595
3142 | 18°00°| .3090 .4900 | .3249 .5118|3.0777 .4882|.9511 .9782|72° 00" 1.2566

Value Logyg|Value Logy,l Value Logy Value Logi) DpgrEEs|RADIANS
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3142 [ 18°00°} .3090 .4900|.3249 .5118]3.0777 .48821.9511 .9782!72°00'| 1.2566
3171 10 | 3118 4939 .3281 .5161]3.0475 4839 .9502 .9778 50 | 1.2537
3200 20 | 3145 4977 | .3314 .5203]3.0178 .4797.9492 .9774 40 1 1.2508
3229 30 {.3173 .5015 |.3346 .5245 [ 2.9887 4755 .9483 .9770 30 | 1.2479
3258 401.3201 .5052.3378 .5287|2.9600 .4713|.9474 9765 20 1 1.2450
3287 50 |.3228 5090 | .3411 .5329|2.9319 .4071|.9465 .9761 10 | 1.2421
.3316 119°00°| .5256 .5126 | .3443 .5370 [ 2.9042 .4630|.9455 .9757|71°00'] 1.2392
3345 10].3283 5163 .3476 5411 | 2.8770 .4589|.9446 .9752 50 | 1.2363
3374 20 | .3311 .5199 | .3508 .5451 | 2.8502 .4549 ( .9436 .9748 4011.2334
.3403 30 5235 | .3541 54011 2.8239 4509 .9426 9743 30 | 1.2305
3432 40 | .3: 52701 .3574 .553112.7980 .4469 ] .9417 9739 20 | 1.2275
3462 50 | .3393 .5306 | .3607 .53T1|2.7725 .4429;.9407 .9734 10 | 1.2246
3491 | 20°00°] .3420 .5341{ .3640 .5611|2.7475 .4389.9397 .9730| 70° 00| 1.2217
.3520 10 1 .3448 53751 .3673 .5650|2.7228 .4350 | 9387 .9725 50 {1.2188
3549 20§ .3475 5409 | .3706 .5689 | 2.6985 .4311}.9377 .9721 40 | 1.2159
3578 301.3502 5443 | .83739 5727 | 2.6746 .4273 9367 .9716 30| 1.2130
.3607 40 [ .3529 .5477|.3772 .5766 | 2.6511 .4234|.9356 .9711 20 | 1.2101
.3636 50| .3557 .5510|.3805 .5804 | 2.6279 .4196|.9346 .9706 101 1.2072
3665 |21°00°| .3584 .5543 |.3839 .5842|2.6051 .4158).9336 9702 | 69°00'| 1.2043
3694 10| .3611 .5576 | .3872 .58T9| 2.5826 .4121:.9325 .9697 50 { 1.2014
3723 20 | .3638 .5609 | .3906 .5917 | 2.5605 .4083|.9315 .9692 40 | 1.1985
3752 30 ].3665 .5641|.3939 .5954 | 2.538G .4046|.9304 .9687 30 ] 1.1956
3782 40 1 .3692 5073 |.3973 .5991 | 2.5172 .4009 | .9203 .9682 20 | 1.1926
3811 50 | .3719 .5704 | .4006 .6028 ] 2.4960 .3972].9283 .9677 10| 1.1897
.3840 | 22°00'| .3746 .5736| .4040 .6064 | 2.4751 .3936|.9272 .9672| 68°00'| 1.1368
.3869 10} .3773 5767 | 4074 .€100| 2.4545 .3900 | .9261 .9667 50| 1.1839
3898 20 1.3300 .5798 1 .4108 .G136 | 2.4342 .3864 | .9250 .9661 40 | 1.1810
3027 30 |.3827 .5828 1 .4142 .6172| 2.4142 .3828 |.9239 .9G56 301 1.1781
3956 40 [ .3854 .5839 | .4176 .6208 | 2.3045 .3792(.9228 .9651 20 [ 1.1752
.3985 50 1.33381 .5889|.4210 .6243 1 2.3750 .3757|.9216 .9G46 10]1.1723
4014 | 23°00°| .3007 5919} .4245 6279 | 2.3559 .3721|.9205 .9640 | 67°00°| 1.16%4
4043 10|.3934 59481 .4279 .6314 | 2.3369 .3686 | .9194 .9635 50 } 1.1665
4072 20 | .3961 .5978| .4314 .6348|2.3183 .30652;.9182 .9629 40 ] 1.1636
.4102 30 | .3987 .GOOT | .4348 .6383 | 2.2998 .3617 | .9171 .9624 30 §1.1606
4131 40 | 4014 .6036| .4383 .6417 | 2.2817 .3583.9159 .9618 20 11.1577
4160 501 .4041 .6065 | 4417 .6452 | 2.2637 .3548|.9147 .9613 101 1.1548
4189 | 24°00| 4067 .6093 | .4452 .6486 | 2.2460 .3514|.9135 .9607 [ 66°00°} 1.1519
4218 10 §.4094 .6121| .4487 .6320| 22286 .3480.9124 .9602 50| 1.14%
4247 20 | .4120 .6149| .4522 .6553 | 2.2113 .3447 | .9112 .9596 40 { 1.1461
4276 30 | 4147 .61771.4557 .G387 | 2.1943 .3413|.9100 .9590 30 1.1432
4305 401 .4173 .6205 | 4592 .6620 | 2.1775 .3380 | .9088 .9584 20 1.1403
4334 50 | 4200 .6232| .4628 .6654 | 2.1609 .3346 | .9075 .9579 10]1.1374
4363 | 25°00°] 4226 .6259 | .4663 .6687 | 2.1445 .3313(.9063 .9573 | 65°00°) 1.1345
4392 10 [ .4253 .6286 | .4699 .672012.1283 .3280{.9051 9567 50 11.1316
4422 20 | 4279 .6313{ .4734 .6752|2.1123 .3248(.9038 .9561 40| 1.1286
4451 30| .4305 .6340 | .4770 .6785(2.0965 .3215.9026 .9555 30 | 1.1257
4480 40 | .4331 .6366 | .4806 .6817 | 2.0809 .3183.9013 .9549 20 [ 1.1228
4509 50 }.4358 .6392 | .4841 .6850|2.0655 .3150 (.9001 .9543 10 | 1.1199
4538 1 26°007) 4384 .6418 | 4877 .6882 | 2.0503 .3118 |.8988 .9537 | 64°00'| 1.1170
4567 10 | 4410 6444 | 4913 .6914 | 2.0353 .3086 | .8975 .9530 50 | 1.1141
4596 20 [ 4436 .6470 | .4950 .6946|2.0204 .3054 | .8062 .9524 40| 1.1112
4625 30 | 4462 .6495 | .4986 .6977 | 2.0057 .3023 | .8049 .0518 30 ] 1.1083
4654 40 [ .4488 .6521].5022 .7009|1.9912 .2991|.893G .9512 20 1.]05%
4683 50 | .4514 .6546 | .5059 .7040 | 1.9768 .2960 | .8923 .9505 10 } 1.1025
4712 | 27°00’] .4540 .6570 | .5095 .7072 | 1.9626 .2928 | .8910 .9499 | 63° 00| 1.0996
Value Logyo|Value Logy,Value  Logg|Value Logio|Drorrrs|Rapians
CosINE COTANGENT TANGENT SINE
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TABLE 1018 (continued)—TRIGONOMETRIC FUNCTIONS

[Characteristics of Logarithms omitted — determine by the usual rule from the value]

TABLE 1010 (continued)—TRIGONOMETRIC FUNCTIONS

[Characteristics of Logarithms omitted — determine by the usual rule from the value)

BINE TangENT COTANGENT CosINE

Rap1ans|Dresnts Valne Logyy[Value Logyy|Value  Log,e|Value Logyq
4712 | 27°00°(.4540 .6570 1 .5095 7072 (1.9626 .2928 | .8910 .9499 63°00] 1.0996
4741 10 | .4566 .6595 | 5132 .7103[1.9486 .2897 | .8897 .9492 50 | 1.0966
4771 20 (.4592 .6620 | .5169 .7134|1.9347 .2866 | .8884 .0486 40 | 1.0937
.4800 30| 4617 .6644|.5206 .7165]1.9210 .2835 |.8870 .9479 30 | 1.0908
4829 40 | .4643 .6608 | .5243 .7196 |1.9074 .2804 | .8857 .9473 20§ 1.0879
4858 50 | 4669 .6692 | .5280 .7226 | 1.8940 .2774 | .8843 .9466 10 | 1.0830
4887 | 28°00°| 4695 .6716 | .5317 .7257 | 1.8807 .2743 .8829 .9459162° 00’} 1.0821
4916 10 1.4720 6740 .5354 .7287|1.8676 .2713.8816 .9453 50 { 1.0792
4945 20 [.4746 .6763 | .5392 .7317|1.8546 .2683|.8802 .9446 40 | 1.0763
4974 30 | 4772 .6787|.5430 .7348]1.8418 .2652 | .8788 .9439 30 { 1.0734
5003 40 1.4797 .6810|.5467 .7378|1.8201 .2622 | .8774 .9432 20 | 1.0705
5032 50| .4823 .6833|.5505 .74081.8165 .2592 | .8760 .9425 10 | 1.0676
5061 |29°00°( .4848 .6856 | .5543 .7438|1.8040 .2562 8746 .9418 | 61°00'[ 1.0647
5091 10| .4874 .6878|.5581 .7467 | 1.7917 .2533|.8732 .9411 50 | 1.0617
5120 20 .4899 .6901 | .5619 .7497 | 1.7796 .2503 | .8718 .9404 40 | 1.0588
5149 30 | 4924 .6923 | .5658 7526 | 1.7675 .2474 | .8704 .9397 30 | 1.0559
5178 40 1 .4950 .6946 | .5696 .755611.7556 .2444 | .8689 .9390 201 1.0530
5207 50 | 4975 .6968 | 5735 .7585 | 1.7437 .2415 | .8675 .9383 10 | 1.0501
.5236 [ 80° 00| .5000 .6990 | 5774 .7614 | 1.7321 .2386 .8660 .9375160°00' 1.0472
5265 10 1.5025 .7012 | .5812 .7644|1.7205 .2356 | .8646 .9368 50 | 1.0443
5204 20 |.5030 .7033 | .5851 .7673 [1.7090 .2327 |.8631 .9361 40 | 1.0414
5323 30 [.5075 .7055 | .5890 7701 | 1.6977. .2290 | .8616 .9353 30 | 1.0385
5352 40 1.5100 .7076 | .5930 .7730 | 1.6864 .2270 |.8601 .9346 20 | 1.0356
5381 50 [.5125 .709T | .5969 .T759 | 1.6753 .2241 | .8587 .9338 10 | 1.0327
5411 | 81°00’( 5150 (7118 | .6009 .7788 | 1.6643 .2212 8572 .9331 | 59° 00| 1.0297
5440 10| .6175 .7139|.6048 .7816|1.6534 .2184 | .8557 .9323 50 | 1.0268
5469 20 [ .5200 .7160 | .6088 .7845|1.6426 .2155 | .8542 .9315 40 | 1.0239
5498 30 |.5225 .7181|.6128 .7873|1.6319 .2127 | .8526 .9308 30 { 1.0210
5527 40 { .5250 .7201|.6168 .7902 |1.6212 .2098 |.8511 .9300 20 | 1.0181
5556 50 | .5275 .7222 | .6208 .7930|1.6107 .2070{.8496 .9292 10 | 1.0152
.5585 | 32°00°( .5299 7242 (.6249 .7958 { 1.6003 .2042 | .8480 .9284 58°00'] 1.0123
5614 10 1.5324 .7262.6289 .7986 {1.5900 .2014|.84G5 .9276 50 | 1.004
5643 20 1.5348 7282 |.6330 .8014 | 1.5798 .1986 | .8450 .9268 40 ] 1.0065
5672 30 |.5373 .7302|.6371 .8042|1.5697 .1958 | .8434 .9260 30 ] 1.0036
5701 40 {.5398 .7322].6412 .807011.5597 .1930 | .8418 .9252 20 | 1.0007
5730 50 |.5422 .7342|.6453 .8097 | 1.5497 .1903 | .8403 .9244 10| 9977
5760 | 83°00°( 5446 .7361|.6494 .8125|1.5399 .1875 | .8387 .9236 57°00°] .9948
5789 10 ]1.5471 .7380 | .6536 .8153 |1.5301 .1847 |.8371 .9228 501 9919
.5818 20 | .5495 .7400 | .6577 .8180 | 1.5204 .1820 | .8355 .9219 40 | .9890
5847 301.5519 .7419|.6619 .8208 [1.5108 .1792 |.8339 .9211 30 ] .9861
5876 40 | .5544 7438 |.6661 .8235|1.5013 .1765 | .8323 .9203 20| .9832
5905 50 | .5568 .7457 | .6703 .8263 |1.4919 .1737 | .8307 .9194 10} .9803
5934 | 34°00°(.5592 .7476 | .6745 .8290 | 1.4826 .1710|.8290 9186 | 56°00°| .9774
5963 10| .5616 .7494 | .6787 .8317|1.4733 .1683 |.8274 .9177 50| .9745
5992 20 | .5640 .7513].6830 .8344 |1.4641 .1656|.8258 .9169 40| 9716
6021 30 [.5664 .7531 | .6873 .8371|1.4550 .1629|.8241 .9160 30| .9687
6050 4G [ .5688 .7550 | .6916 .8398 | 1.4460 .1602 | .8225 .9151 20| .9657
6080 50 | .5712 .7568 | .6959 .8425 |1.4370 .1575|.8208 .9142 10| .9628
6109 {35°00°(.5736 7586 |.7002 .8452 |1.4981 .1548|.8192 9134 55°00°f .9599
6138 10 | .5760 .7604 |.7046 .8479}1.4193 .1521|.8175 .9125 50 | .9570
6167 20 (.5783 .7622|.7089 .8506 |1.4106 .1494 | .8158 .9116 40| .9541
6196 30 ].5807 .7040|.7133 .8533|1.4019 .1467 | .8141 .9107 30] .9512
6225 40 1.5831 .7657 | 7177 .85591.3934 .1441|.8124 .9098 201 .9483
6254 50 | .5854 .7675 |.7221 .8586 |1.3848 .1414 |.8107 .9089 10| 9454
-6283 [ 86°00’| .5878 7692 |.7265 .8613 | 1.3764 .1387 |.8090 9080 | 54° 00’ .9425
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6283 © Q0’| .5878 .7692 | .7265 .8613[1.3764 .1387|.8090 .9080 | 54°00’] .%425
.23]2 56 %(()) 5901 .7710| .7310 .8639|1.3680 .1361 |.8073 .9070 501 .9396
6341 20 |.5925 4727 .7355 .8666 | 1.3597 .1334 | .8056 .9061 40| .9367
6370 30 | .5948 .7744| .7400 .86921.3514 .1308 | .8039 .9052 30| .9338
6400 40 | .5972 7761 .7445 .8718 | 1.3432 .1282 | .8021 .9042 201 .9308
6429 501.5995 .7778 ! .7490 .8745|1.3351 .1255|.8004 .9033 10 9279
6458 °00’(.6018 .7795 ! .7536 .8771]1.3270 ,1229|.7986 .9023 | 5§3°00’| .9250
6487 87 01?) 6041 7811 .7581 .8797{1.3190 .1203|.7969 .9014 50| 9221
6516 20 ) .6065 .7828 | .7627 .8824)1.3111 ,1176 | .7951 .9004 40] 9192
6545 30 | .6088 .7844 | .7673 .8850 |1.3032 .1150).7934 .8995 30| .9163
6574 40 | .6111 7861 | .7720 .8876 | 1.2954 .1124 |.7916 .8985 20| .9134
6603 50§ .6134 7817 ] .7766 .8902|1.2876 .1098 | .7898 .8975 10| 9106
6632 °00’| .6157 .7893| .7813 .8928 | 1.2799 .1072|.7880 .8965 | 52° 00'| .9076
ggbl 38 10 | 6180 .7910| .7860 .8954|1.2723 .1046 | .7862 .8955 50| 9047
6690 20| .6202 .7926 | .7907 .8980 | 1.2647 .1020 | .7844 .8945 401 9018
6720 301{.6225 7941 .7954 .9006 | 1.2572 .0994 | .7826 .8935 30| .8988
6749 40 | .6248 7957 [ .8002 .9032 | 1.2497 .0968 | .7808 .8925 20| .8959
B778 50| .6271 .7973| .8030 .9058 | 1.2423 .0942).7790 .8915 10] .8930
6807 ©00’] .6293 7989 .8098 .0084 |1.2349 .0916|.7771 .8905{51°00°] .8901
g?)ﬁ 59 10| .6316 .8004 | .8146 .9110|1.2276 .0890|.7753 .8895 50| .8872
.6865 20 | .6338 .8020 | .8195 .9135|1.2203 .0865 | 7735 .8884 40| .8843
6894 30 | .6361 .8035| .8243 .91611.2131 .0839|.7716 .8874 30| .8814
6923 40 ] .6383 .8030 | .8292 .0187 | 1.2059 .0813).7698 .8864 20 .8785
6952 50 | .6406 .8066 | .8342 .9212|1.1988 .0788|.7679 .8853 10| .8756
6981 °00'} .6428 .8081 | .8391 .9238(1.1918 .0762 |.7660 .8843| 50°00’| .8727
7010 40 10 | .6450 .8096 | .8441 .9264|1.1847 .0736|.7642 .8832 50| .8698
L7039 20 | .6472 .8111} .8491 .9289)1.1778 .0711.7623 .8821 40| .8668
L7069 30 |.6494 .8125| .8541 .9315|1.1708 .0685|.7604 .8810 301 .8639
.7098 40 1.6517 .8140 | .8391 .93411.1640 .0659 | .7585 .8800 20| .8610
7127 50 | 6539 .8155| .8642 .9366 | 1.1571 .0634 | .7566 .8789 10] .8581
7156 | 41°00°] .6561 .8169| .8693 .9392 | 1.1504 .0608 | .7547 .8778[49°00| .8352
7185 10 1.6583 .8184 | .8744 .9417|1.1436 .0583 |.7528 .8767 50| 8523
7214 20 | .6604 .8198| .8796 .9443|1.1369 .0557 | .7509 .8756 40| .8494
71243 301.6626 .8213 | .8847 .9468 | 1.1303 .0532 | .7490 .8745 30| .8465
7272 40| .6648 .8227| .8899 .9494 | 1.1237 .0506 | .7470 .8733 20| .8436
7301 50 | .6670 .8241| .8952 .95191.1171 .0481 | 7451 .8722 10| .8407
7330 [42°00°] .6691 .8255] .9004 .9544 |1.1106 .0456 | .7431 .8711(48°00’| .8378
7359 10 | .6713 .8269 .9057 .9570|1.1041 .0430.7412 .8699 50 .8?48
7389 20 | .6734 .8283| .9110 .9595 | 1.0977 .0405.7392 .8688 40| .8319
7418 30| .6756 .8297 ] .9163 .9621 | 1.0913 .0379}.7373 .8676 301 .8290
7447 40| .6777 .8311| .9217 .9646|1.0850 .0354 |.7353 .8665 201 .8261
1476 50 | .6799 .8324 | .9271 .9671{1.0786 .0329!.7333 .8653 10} .8232
7505 |48°00’] .6820 .8338| .9325 .9697 [ 1.0724 .0303 | .7314 .8641|47°00°] .8203
7534 10 | .6841 .8351| .9380 .9722}1.0661 .0278 |.7294 .8629 50 .8174
1563 20| .6862 .8365] .9435 .9747|1.0599 02563 ) .7274 .8618 40] .8145
1592 30 | .6884 .8378| .9490 .9772|1.0538 .0228|.7254 .8606 30| .8116
7621 40 | .6905 .8391 | .9545 97981 1.0477 .0202].7234 .8594 20| .8087
7650 50 j.6926 .8405] .9601 .982311.0416 .0177|.7214 .8582 10| .8058
7679 144°007| 6947 8418 | 9657 .98481.0355 .0152 |.7193 .8569 | 46°00’| .8029
:{{739 10 1.6967 8431 .9713 .9874]1.0295 .0126|.7173 .8557 50| .7999
7738 20 | .6988 .8444 | .9770 .9899|1.0235 .0101|.7153 .8545 40| .7970
767 30 |.7009 .8457| .9827 .9924{1.0176 .0076 | .7133 .8532 30| 7941
7796 40| .7030 .8469| .9884 .9949|1.0117 .0051].7112 .8520 201 .7912
7825 50 | .7050 .8482] .9942 9975 | 1.0058 .0025 | .7092 .8507 10} .7883
71854 145°00’] .T071 .8495 | 1.0000 .0000 | 1.0000 .0000 | .7071 .8495|45°00’| .7854
Value Logy,Value Logy,Value  Logy|Value Logyw|pgorrrs|Rapians
CoSINE COTANGENT TANGENT SINE
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TABLE 1011—DEGREES, MINUTES, AND SECONDS TO RADIANS

Degrees

Minutes

Seconds

o

—
HO ©XO-1IMWM W=D

0.00000 00
0.01745 33
0.03490 66
0.05235 99
0.06981 32

0.08726 65
0.10471 98
0.12217 30
0.13962 63
0.15707 96

0.17453 29
0.19198 62
0.20943 95
0.22689 28
0.24434 61

0.26179 94
0.27925 27
0.29670 60
0.31415 93
0.33161 26

0.34906 59
0.36651 91
0.38397 24
0.40142 57
0.41887 90

0.43633 23
0.45378 56
0.47123 89
0.48869 22
0.50614 55

0.52359 88
0.54105 21
0.55850 54
0.57595 87
0.59341 19

0.61086 52
0.62831 85
0.64577 18
0.66322 51
0.68067 84
0.69813 17
0.71558 50
0.73303 83
0.75049 16
0.76794 49

0.78539 82
0.80285 15
0.82030 47
0.83775 80
0.85521 13

0.87266 46
0.89011 79
0.90757 12
0.92502 45
0.94247 78

0.95993 11
0.97738 44
0.99483 77
1.01229 10
1.0297443

1.0471976

60°
61
62
63
61
65
66
67

68
69

70
71
72
73
74

119
120

1.0471976
1.06465 08
1.08210 41
1.09955 74
1.11701 07

1.13446 40
1.15191 73
1.16937 06
1.18682 39
1.20427 72

1.22173 05
1.23918 38
1.25663 71
1.27409 04
1.29154 36

1.30899 69
1.32645 02
1.34390 35
1.36135 68
1.37881 01
1.39626 34
1.41371 67
1.43117 00
1.44862 33
1.46607 66

1.48352 99
1.50098 32
1.51843 64
1.53588 97
1.55334 30

1.5707963
1.58824 96
1.60570 29
1.62315 62
1.64060 95

1.65806 28
1.67551 61
1.69296 94
1.71042 27
1.72787 60

1.74532 93
1.76278 25
1.78023 58
1.79768 91
1.81514 24

1.83259 57
1.85004 90
1.86750 23
1.88495 56
1.90240 89

1.91986 22
1.93731 55
1.95476 88
1.97222 21
1.98967 53

2.00712 86
2.02458 19
2.04203 52
2.05948 85
2.07694 18

2.00439 51

120°
121
122
123
124

125
126
127
128
129

130
131
132
133
134
135
136
137
138
139

140
141
142
143
144

145
146
147
148
149

150
151
152
153
154

155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174

175
176
177
178
179

180

2.09439 51
2.11184 84
2.12930 17
2.14675 50
2.16420 83

2.18166 16
2.19911 49
2.21656 82
2.23402 14
2.25147 47

2.26892 80
2.28638 13
2.30383 46
2.32128 79
2.33874 12

2.35619 45
2.37364 78
2.39110 11
2.40855 44
2.42600 77

2.44346 10
2.46001 42
2.47836 75
2.49582 08
2.51327 41

2.53072 74
2.54818 07
2.56563 40
2.58308 73
2.60054 06

2.61799 39
2.63544 72
2.65290 05
2.67035 38
2.68780 70

2.70526 03
2.72271 36
2.74016 69
2.75762 02
2.77507 35

2.79252 68
2.80998 01
2.82743 34
2.84488 67
2.86234 00
2.87979 33
2.89724 66
2.91469 99
2.93215 31
2.94960 64

2.96705 97
2.98451 30
3.00196 63
3.01941 96
3.03687 29

3.05432 62
3.07177 95
3.08923 28
3.10668 61
3.1241394

3.14159 27

0.00000 00
0.00029 09
0.00058 18
0.00087 27
0.00116 36

0.00145 44
0.00174 53
0.00203 62
0.00232 71
0.00261 80

10 | 0.00290 89
11 10.0031998
12 1 0.0034907
13 (0.00378 15
14 | 0.00407 24

15 | 0.00436 33
16 | 0.00465 42
17 10.00494 51
18 | 0.00523 60
19 | 0.00552 69

20 | 0.00581 78
21 |0.00610 87
22 | 0.00639 95
23 | 0.00669 04
24 10.0069813

25 10.00727 22
26 |0.00756 31
27 10.00785 40
28 |0.00814 49
29 |0.00843 58

80 | 0.00872 66
3L | 0.00901 75
32 1 0.00930 84
33 1 0.0095993
34 | 0.00989 02

35 |0.01018 11
36 | 0.01047 20
37 |0.01076 29
38 | 0.01105 38
39 | 0.01134 46

40 | 0.01163 55
41 |0.0119264
42 10.01221 73
43 | 0.01250 82
44 {0.0127991

45 |0.01309 00
46 | 0.01338 09
47 10.01367 17
43 | 0.01396 26
49 |0.01425 35

50 ]0.0145444
51 10.01483 53
52 10.01512 62
53 [0.01541 71
54 |0.01570 80

55 | 0.01599 89
56 |0.01628 97
57 {0.01658 06
58 | 0.01687 15
59 | 0.01716 24

60 | 0.01745 33

OR=ATO WO

’*1 0.00000 00
0.00000 48
0.00000 97
0.00001 45
0.00001 94

0.00002 42
0.00002 91
0.00003 39
0.00003 88
0.00004 36

10 |0.00004 85

LRI PN -O

25 |0.0001212
26 10.00012 61
27 10.0001309
28 [0.00013 57
29 |0.00014 06

80 |0.00014 54
31 (0.00015 03
32 10.00015 51
33 | 0.00016 00
34 | 0.00016 48

85 | 0.00016 97
36 | 0.00017 45
37 |0.00017 94
38 |0.00018 42
39 10.0001891

40 |0.0001939
41 | 0.00019 88
42 10.00020 36
43 | 0.00020 85
44 | 0.00021 33

49 |0.00023 76

50 |0.00024 24
51 10.00024 73
62 |0.00025 21
53 |0.0002570
54 10.00026 18
55 | 0.00026 66
36 | 0.00027 15
57 | 0.00027 63
58 | 0.0002812
59 | 0.00028 60

60 | 0.0002909
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Tables 1010 to 1012 of Trigonometric Functions are from The Macmil-
lan Mathematical Tables, by E. R. Hedrick, Refer. 19, where there are also
tables of 5-place values for every minute of angle.
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TABLE 1012—RADIANS TO DEGREES, MINUTES, AND SECONDS

Rap1aNs TENTHS HuxnpeeprEs | TEOUBANDTHS | TEX-THOUSANDTHS
3 b7°17'44''.8 5°43'46'’.5 | 0°34'22"7.6 | 0° 3'26".3 0° 0'20”.6
S| 114°35'29'°.6 | 11°2783°.0 | 1° 8'45".3 | 0° 6'62"".5 0° 0'41''.3
3 | 171°953'14'".4 | 17°11'19"".4 | 1°4307°.9 | 0°10'18".8 0° 1'01"’.9
4 | 229°10'59.3 | 22°55'05"°.9 | 2°17'30”'.6 0°13'45’’ .1 0° 1’225
5 | 286°28'44"'.0 | 28°38'52"".4 | 2°51'53".2 | 0°17'11"°.3 0° 1'43".1
6 | 343°46'28" 34°22'38’.9 | 3°26'16°.9 | 0°20'37".6 0° 2°03".8
7| 401° 4'13”°.6 | 40° 8'25". 4° 0’38’.5 0°24'03"’.9 0° 224" 4
8 | 45892158, 45°50'11”.8 | 4°35'01”.2 | 0°27'30".1 0P 2'45".0
0 | b515°39'43°.3 | B51°33'58".3 | 5° 9'23".8 | 0°30'55’".4 0° 3'05''.6
In decimals,
1 radian

180/x = 57.295 77951 degrees
x/180 = 0

[

1 degree .017453 29252 radians.

Trigonometric tables such as Tables 1015 and 1016 on the pages following
often may be used advantageously by first converting the angles of a problem
to decimals of degrees.

In these tables, where the name of the function is given at the top of the
page, the degrees for that function are to be read from the left-hand column
and the top line. The degrees for the function named at the bottom of the
page are to be read from the right-hand column and the bottom line.
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TABLE 1015—TRIGOI§IONMETRIC FUNCTIONS TABLE 1015 (continued)—SIN AND COS OF HUNDREDTHS

@

$ =
COTRU i WO i © DT DU B LN = OO0 T DUt WBD it O D00 = S U i LD = O O 00 ~f U 1 03 0O 1 R

OF DEGREES
0]1 2 3|4 5 617 8 9]0 SIN
‘ 0 |1 2 3|4 5 6|7 8 9|10
.00 000 {017 035 052{070 087 105/122 140 157| 175 deg
175 192 209 227(244 262 279(297 314 332| 349 5 .08 716 |733 750 768|785 803 820/837 855 872 889

349 |367 384 401|419 436 454[471 489 506| 524
524 |541 559 576|593 611 628|646 663 681} 698
698 |716 733 750,768 785 803820 838 855 873
873 (890 908 925942 960 977|995 012 030| 047

.01 047 (065 082 100(117 134 152{169 187 204| 222
222 (239 257 274|292 309 326{344 361 379| 396
396 1414 431 449|466 483 501518 536 553; 571
571 |588 606 623|641 658 675/693 710 728 745 |89.
745 |763 780 798/815 832 850|867 885 902 920
920 (937 955 972(990 007 024042 059 077| 094

.02 094 ({112 129 147|164 181 199)216 234 251 269
269 |286 304 321{339 356 373|391 408 426| 443
443 |461 478 496(513 530 548|565 583 600| 618
618 635 653 670687 705 722|740 757 775 792
792 1810 827 845|862 879 897|914 932 949/ 967
967 (984 002 019|036 054 071,089 106 124| 141

.03 141 ({159 176 193|211 228 246263 281 298 316
316 333 350 368(385 403 420{438 455 473 490 88.
490 |507 525 542|560 577 595,612 629 647( 664
664 |682 699 717|734 752 769|786 804 821 839
839 |856 874 891909 926 943|961 978 996| 013

.04 013 {031 048 065083 100 118|135 153 170| 188
188 [205 222 240/257 275 292|310 327 345 362

889 [907 924 942(959 976 994/011 028 046 063
-09 063 1081 098 115133 150 168185 202 220 237
Lo |L40F 4id LBY|BUT 644 641|60Y o6/0 oYs| 411
411 (428 446 463480 498 515532 550 567 585
585 602 619 637|654 671 689|706 724 741 758
758 776 793 810/828 845 863)880 897 915/ 932
932 (049 967 984001 010 036(054 071 088| 106
.10 106 |123 140 158/175 192 210/227 245 262| 279
279 [207 314 331|349 366 383[401 418 435| 453 (84.
453 470 488 505|522 540 557|574 592 609 626
626 (644 661 678696 713 731|748 765 783| 800
800 |817 835 852(869 887 904/921 939 956/ 973
973 (991 008 025/043 060 078095 112 130| 147
.11 147 164 182 199|216 234 251|268 286 303| 320
320 (338 355 372|300 407 424/442 459 476| 494
494 |511 528 546|563 580 598615 632 650| 667
667 (684 702 719|736 754 771788 806 823| 840
840 (858 875 802|910 927 944(962 979 996| 014
.12 014 |031 048 066/083 100 118|135 152 170| 187 |83.
187 (204 222 239|256 274 291/308 326 343| 360
360 (377 305 412429 447 464481 499 516| 533
533 551 568 585/603 620 637(655 672 689| 706
706 (724 741 758[776 793 810|828 845 862 880

Diff.

362 {379 397 414{432 449 467(484 501 519 536 880 (897 914 931/949 966 983001 018 035| 053 Diff.
536 |554 571 589|606 623 641|658 676 693| 711 17-18 .13 053 |070 087 105|122 139 156[174 191 208| 226
711 |728 746 763|780 798 815833 850 868| 885 226 243 260 278|295 312 329|347 364 381! 399 17-18

399 |416 433 451/468 485 502(520 537 554| 572
572 |589 606 623|641 658 675/693 710 727| 744
744 |762 779 796{814 831 848|865 883 900| 917 (82.
917 (935 952 969(986 004 021|038 056 073| 090
.14 090 [107 125 142|159 177 194(211 228 246| 263
263 [280 297 315|332 349 367|384 401 418| 436
436 |453 470 487|505 522 539|557 574 591| 608
608 1626 643 660/677 695 712|729 746 764| 781
781 |798 815 833|850 867 885|902 919 936| 954
954 (971 988 005|023 040 057|074 092 109| 126
.15 126 |143 161 178[195 212 230(247 264 281| 299
299 1316 333 350{368 385 402(419 437 454| 471
471 1488 506 523540 557 574|592 609 626| 643 |81.
643 |661 678 695|712 730 747|764 781 799| 816
816 1833 850 868|885 902 919(936 954 971| 988
988 005 023 040057 074 091|109 126 143| 160
.16 160 178 195 212|229 246 264/281 298 315 333
333 |350 367 384(401 419 436{453 470 488] 505
505 |522 539 556|574 591 608|625 642 660| 677
677 1694 711 728/746 763 780797 815 832| 849
849 (866 883 901|918 935 952|969 987 004| 021
.17 021 |038 055 073/090 107 124|141 159 176| 193
193 1210 227 244{262 279 296|313 330 348| 365

885 (902 920 937|955 972 990(007 024 042} 059
.05 059 |077 094 112|129 146 164[181 199 216| 234 |87.
234 (251 268 286/303 321 338(356 373 390| 408
408 (425 443 460/478 495 512(530 547 565| 582
582 (600 617 634652 669 687|704 722 739| 756
756 |774 791 809|326 844 861|878 896 913| 931
931 (948 965 983000 018 035(053 070 087| 105
.06 105 |122 140 157|175 192 209(227 244 262| 279
279 [206 314 331/349 366 384|401 418 436| 453
453 |471 488 505/523 540 558(575 593 610| 627
627 (645 662 680697 714 732(749 767 784| 802
802 |819 836 854871 889 906/923 941 958| 976 (86
976 (993 010 028045 063 080008 115 132| 150
.07 150 [167 185 202219 237 254272 289 306| 324
324 [341 359 376|393 411 428/446 463 480| 498
498 [515 533 550|567 585 602|620 637 655| 672
672 |689 707 724(742 759 776(794 811 829 846
846 (363 881 898(916 933 950|968 985 002| 020
.08 020 037 055 072(089 107 124142 159 176| 194
194 (211 229 246|263 281 298316 333 350| 368
368 (385 403 420|437 455 472/490 507 524| 542
542 [559 576 594/611 629 646663 631 698| 716
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TABLE 1015 (continued)—TRIGONOMETRIC FUNCTIONS TABLE 1015 (continued)—SIN AND COS OF HUNDREDTHS
SIN OF DéEI(I‘{IREES

0 |1 2 34 5 6,7 8 9,0
deg. 0 (1 2 3|4 5 6]7 8 9100
.17 365 |382 399 416[434 451 468/485 502 519| 537

—
<
<

,..
oe
OUQ

.25 882 (899 916 932949 966 983000 017 034| 050
.26 050 [067 084 101|118 135 152(168 185 202| 219
219 (236 253 269|286 303 320(337 354 370| 387
387 1404 421 438|455 471 488|505 522 539! 556
556 {572 580 606/623 640 657,673 690 707| 724
724 (741 757 774|791 808 825[842 858 875 892
892 (909 926 942/959 976 993|010 026 043| 060
.27 060 |077 094 110{127 144 161178 194 211| 228
228 (245 262 278|295 312 329(346 362 379! 396
3906 |413 429 446|463 480 497,513 530 547| 564 |74.
564 |581 597 614|631 648 664]681 698 715| 731
731 |748 765 782|799 815 832849 866 882| 899
899 (916 933 949/966 983 000016 033 050| 067
.28 067 [083 100 117|134 150 167|184 201 217| 234
234 (251 268 284[301 318 3351351 368 385} 402
402 |418 435 452|468 485 502519 535 552| 569
569 |586 602 619(636 652 669686 703 719| 736
736 |753 769 786/803 820 836|853 870 886| 903
903 |920 937 953/970 987 003020 037 054| 070

537 |554 571 588(605 623 640/657 674 691| 708
708 [726 743 760|777 794 812(829 846 863| 880
880 (897 915 932(949 966 983/000 018 035| 052
.18 052 [069 086 103|121 138 155172 189 206| 224
224 241 258 275292 309 327|344 361 378| 395
395 (412 429 447|464 481 498|515 532 550| 567
567 |584 601 618|635 652 670/687 704 721| 738
738 |755 772 790[807 824 841(858 875 892( 910
910 (927 944 961|978 995 012(029 047 064| 081 |79.
.19 081 |098 115 132{149 167 184|201 218 235| 252
252 (269 286 304[321 338 355|372 389 406| 423
423 |441 458 475/492 509 526|543 560 577| 595
595 612 629 646|663 680 697(714 732 749! 766
766 783 800 817|834 851 868|885 903 920| 937
937 954 971 988[005 022 039|056 074 01| 108
.20 108 |125 142 159|176 193 210,227 245 262| 279
279 [206 313 330(347 364 381|308 415 433| 450
450 [467 484 501|518 535 552|569 586 603| 620
620 637 655 672|689 706 723|740 757 774| 791 |78

11
16.

O GO ST NI 00 © Ot b3 01 Ut SH =100 © O i bO 20> U1 S ~T 00 €0 D i D 201 OT T 00 O O b Lo 1 &1 1 00 ©

.1 . .9
.2 .1 .8
.3 .2 7
4 .3 .6
.5 .4 5
.6 .5 4
7 .6 .3
.8 7 .2
.9 .8 .1
.0 .9 0
.1 0 .9
.2 .1 .8
.3 .2 7
.4 .3 .6
.5 4 .5
.6 .5 .4
.7 .6 .3
.8 7 .2
.9 .8 .1
12.0 791 (808 825 842|859 877 894911 928 945| 962 .9 .29 070 [087 104 1201137 154 170{187 204 220| 237 73.0
1 962 (979 996 013|030 047 064|081 008 115! 132 17.0 237 (254 271 287304 321 337354 371 387| 404 .9
.2 .21 132|150 167 184[201 218 235|252 269 286 303 .1 404 1421 437 454|471 487 504|521 537 554| 571 .8
.3 303 (320 337 354|371 388 405|422 439 456 474 .2 571 |587 604 621,637 654 671|687 704 721| 737 7
4 474 (491 508 525(542 559 576|593 610 627| 644 Diff. .3 737 {754 771 787804 821 837/854 871 887 904 .6
.5 644 (661 678 695|712 729 746|763 780 797| 814 .4 904 1921 937 954/971 987 004]021 037 054 071 .5 Diff.
.6 814 831 848 865882 899 917|934 951 968 985 1618 .51 .30 071 {087 104 121|137 154 170|187 204 220; 237 .4
.7 985 (002 019 036/053 070 087/104 121 138| 155 .6 237 1254 270 287|304 320 337|353 370 387} 403 .3 16-17
.8 .22 155|172 189 206|223 240 257|274 291 308| 325 .7 403 |420 437 453|470 486 503|520 536 553] 570 .2
.9 325 (342 359 376(393 410 427|444 461 478| 495 {77. 8 570 [586 603 610636 653 669/686 702 719! 736 1
13.0 495 (512 529 5461563 580 597614 631 648 665 .9 736 {752 769 785|802 819 835|852 868 885 902 [72.0
1 665 (682 699 716|733 750 767/784 801 818| 835 18.0 902 1918 935 951|968 985 001|018 034 051| 068 .9
.2 835 (852 869 886[903 920 937|954 971 988| 005 .1 | .31 068 084 101 117{134 151 167(184 200 217{ 233 .8
.3 | .23 005 |022 039 056{073 090 107,124 141 158| 175 .2 233 1250 267 283300 316 333|350 366 383| 399 7
.4 175 (192 209 226|243 260 277|294 311 328| 345 .3 399 1416 432 449466 482 499515 532 548| 565 .6
.5 345 (362 378 395|412 429 446{463 480 497| 514 .4 565 [581 598 615|631 648 6641681 697 714| 730 .5
.6 514 [531 548 565|582 599 616|633 650 667 684 .5 730 1747 764 780|797 813 830[846 863 879| 896 .4
7 684 |701 718 735(752 769 786/802 819 836, 853 .6 896 1912 929 946(962 979 995012 028 045! 061 .3
.8 853 (870 887 904|921 938 955{972 989 006] 023 .71 .32 061 (078 094 111|127 144 160|177 194 210 227 .2
.9 .24 023 j040 057 074/091 108 124141 158 175 192 |76. 8 227 |243 260 276|293 309 326|342 359 375 302 1
14.0 192 1209 226 243(260 277 294311 328 345| 362 .9 392 |408 425 441458 474 491507 524 540| 557 |71.0
1 362 (378 395 412(429 446 463480 497 514| 531 19.0 557 1573 590 606(623 639 656672 689 705| 722 .9
.2 531 (548 565 581|598 615 632{649 666 683| 700 .1 722 |738 755 771|788 804 821837 854 870| 887 .8
.3 700 |717 734 751|768 784 8011818 835 852| 869 .2 887 (903 920 936|953 969 986|002 018 035| 051 7
.4 869 (886 903 920937 954 9701987 004 021 038 .31 .33 051 |068 084 101|117 134 150[167 183 200| 216 .6
.51 .25 038 {055 072 089106 122 139156 173 190 207 4 216 (233 249 265(282 298 315(331 348 364| 381 .5
.6 207 (224 241 258|274 291 308325 342 359; 376 .5 381 |397 414 430{446 463 479496 512 529| 545 .4
7 376 1393 410 4261443 460 477494 511 528 545 .6 545 562 578 594i611 627 644|660 677 693| 710 .3
.8 545 (561 578 595|612 629 646663 680 696 713 7 710 726 742 759|775 792 808825 841 857| 874 .2
.9 713 |730 747 764|781 798 814/831 848 865| 882 {75.0 .8 874 1890 907 923|939 956 972/989 005 022| 038 .1
deg .9 .34 038 {054 071 087{104 120 136{153 169 186] 202 |70.0
aoyl’o 8 7|6 5 413 2 11 0 i deg
CoSs } a9 8 7{6 5 4|3 2 1| 0
222 COS

\ 223



TABLE 1015 (continued)—TRIGONOMETRIC FUNCTIONS

SIN

0

1

2

3

4

5 6

7

8

9

(10)

TABLE 1015 (continued)—SIN AND COS OF HUNDREDTHS
OF Ig?%REES

deg.

[SM]
o
o

21.

22.

23.

24.

1000 AT DU I LIRS = D 000 =1 TN LI = D D0 ~T DU LI D D00 T ST LB = D 00~ DU W -

.34 202

366
530
694
857

.35 021

184
347
511
674
837

.36 000

162
325
488
650
812
975

.37 137

299
461
622
784
946

.38 107

268
430
591
752
912

:39 073

234
394
555
715
875

.40 035

195
355
514
674
833
992

.41 151

310
469
628
787
945

.42 104

218
382
546
710
874
037
201
364
527
690
853
016
179
341
504
666
829
991
153
315
477
639
800
962
123
284
446
607
768
928
089
250
410
571
731
891
051
211
370
530
690
849
008
167
326
485
644
803
961
119

235
399
563
726
890
053
217
380
543
706
869
032
195
358
520
683
845
007
169
331
493
655
816
978
139
301
462
623
784
945
105
266
426
587
747
907
067
227
386
546
706
865
024
183
342
501
660
818
977
135

251
415
579
743
906
070
233
396
560
723
886
049
211
374
536
699
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432
595
759
923
086
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413
576
739
902
065
228
390
553
715
877

284 300
448 464
612 628
775 792
939 955
102 119
266 282
429 445
592 609
755 772
918 935
081 097
244 260
406 423
569 585
731 748
894 910

317
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644
808
972
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625
788
951
114
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439
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764
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023
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155
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800
961
121
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603
763
923
083
243
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562
721
881
040
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358
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676
834
993
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040
202
364
525
687
849
010
172
333
494
655
816
977
137
298
458
619
779
939
099
259
418
578
737
897
056
215
374
533
692
850
009
167

056 072
218 234
380 396
542 558
703 719
865 881
026 042
188 204
349 365
510 526
671 687
832 848
993 009
153 169
314 330
474 490
635 651
795 811
955 971
115 131
275 291
434 450
594 610
753 769
913 929

088
250
412
574
736
897
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220
381
542
703
864
025
186
346
506
667
827
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147
307
466
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785
945

072 088|104
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390 406
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707 723|739
866 882i898

024 040
183 199

333
497
661
824
988
151
315
478
641
804
967
130
293
455
618
780
942
104
266
428
590
752
913
075
236
397
558
719
880
041
202
362
522
683
843
003
163
323
482
642
801
960
120
279
438
596
755
914

350
513
677
841
004
168
331
494
657
821
983
146
309
471
634
796
958
121
283
444
606
768
929
091
252
413
575
735
896
057
218
378
539
699
859,
019
179
339
498
658
817
976
136
295
453
612
771
929

056 072 088
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366
530
694
857
021
184
347
511
674
837
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325
488
650
812
975
137
299
461
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784
946
107
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752
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674
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992
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945
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.43

.44
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420
578
736
894
051
209
366
523
680
837
994
151
307
464
620
776
932
088
243
399
554
710
865
020
175
330
484
639
793
947
101
255
409
562
716
869
022
175
328
481
634
786
938
090
242
394
546
697
849

278
436
594
752
909
067
224
382
539
696
853
010
166
323
479
635
792
947
103
259
415
570
725
880
035
190
345
500
654
808
963
117
270
424
578
731

885
038
191

344
496
649

801

953
106
258
409
561

713

864

293
452
610
767
925
083
240
397
555
712
868
025
182
338
495
651
807
963
119
275
430
586
741
896
051

206
361
515
670
824
978
132
286
440
593

747
900
053
206
359
511

664
816
969
121

273
425
576

728
879

309(325
467483
625641
783|799

941

957

098114
256(272

413

429

570(586
727{743
884(900

341
499
657
815
972
130
287
445
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759
916

357
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5155631

673

688

830/846
988/004

146
303

161
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460(476

617

633

774|790

931

947

041

0567
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354
510
667
823
979
134
290
446
601
756
911
066
221
376
531
685
839
993
147
301
455
608
762
915
068
221
374
527
679
832
984
136
288
440
591
743
894

370
526
682
838
994
150
306
461
617
772
927
082
237
391
546
700
855
009
163
317
470
624
777
930
084
237
389
542
695
847
999
151
303
455
606
758
909

072
229
385
542
698
854
010
166
321
477
632
787
942
097
252
407
561
716
870
024
178
332
486
639
793
946
099
252
405
557
710
862
014
166
318
470
622
773
924

088
245
401
557
713
870

104
260
417
573
729
885

025[041

181
337
492
648
803
958
113
268
422
577
731
886,
040
194
347
501
655
808
961
114
267
420
573
725
877
030
182
333
485
637
788
940

197
362
508
663
818
973
128
283
438
592
747
901
055
209
363
516
670
823
976
129
282
435
588
740
893
045
197
349
500
652
803
955

388
546
704
862
020
177
334
492
649
806
963
119
276
432
589
745
901
057
212
368
523
679
834
989
144
299
453
608
762
916
070
224
378
532
685
839
992
145
298
450
603
755
908
060
212
364
516
667
819
970

404
562
720
878
035
193
350
507
664
821
978
135
201
448
604
760
916
072
228
383
539
694
849
004
159
314
469
623
778
932
086
240
393
547
701
854
007
160
313
466
618
771
923
075
227
379
531
682
834
985

420
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736
894
051
209
366
523
680
837
994
151
307
464
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776
932
088
243
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020
175
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409
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716
869
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786
938
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242
394
546
697
849
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TABLE 1015 (continued)—T%II§ONOMETRIC FUNCTIONS
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TABLE 1015 (continued)—SIN AND COS OF HUNDREDTHS

deg.
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151
302
453
603
754
904
054
204
354
504
653
803
952
101
250
399
547
696
844
992
140
288
435
583
730
877
024
171
317
464
610
756
902
048
194
339
484
630
775
919
064
208
353
497
641
784
928
071
215

015 030 045
166 181 196
317 332 347
468 483 498
618 633 649
769 784 799
919 934 949
069 084 099
219 234 249
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519 534 549
668 683 698
818 833 847
967 982 997
116 131 146
265 280 294
413 428 443
562 577 592
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859 873 888
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362
513
664
814
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114

264

414

564

713
862
012
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458
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755

903

076 091
227 242
377 392
528 543
679 694
829 844
979 994
129 144
279 294
429 444
579 594
728 743
877 892
026 041
175 190
324 339
473 488
621 636
770 785
918 933
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267
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272

408 423

558
709
859

009

159
309
459
608
758
907
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354
503
651
799
948

007 022 036
155 169 184
302 317 332
450 465 479
597 612 627
745 759 774
892 906 821
039 053 068
185 200 215
332 347 361
479 493 508
625 639 654
771 786 800
917 931 946
063 077 092
208 223 237
354 368 383
499 513 528
644 659 673
789 803 818
934 948 963
078 093 107
223 237 252
367 381 396
511 525 540
655 669 684
799 813 827
942 957 971
086 100 114
229 243 258

051

199

347
494
642
789
936
083
229
376
522
669
815
961

106

252
397
543
688
832
977

122

266
410
554
698
842
985

129
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066 081
214 229
361 376
509 524
656 671
804 818
951 965
097 112
244 259
391 405
537 552
683 698
829 844
975 990
121 135

266 281

412 426
557 572
702 717
847 861
992 006
136 151
280 295
425 439
560 583
713 727
856 871
000 014
143 157
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391
538
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833

980
127
273
420
566
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004
150
296

441
586
731
876
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453
597
741
885
028

172
315

573
724
874
024
174
324
474
623
773
922
071
220
369
517
666
814
962
110
258
406
553
701
848
995
141
288
435
581
727
873
019
165
310
455
601
746
890
035
179
324
468
612
756
899
043
186
329

136
287
438
588
739
889
039
189
339
489
638
788
937
086
235
384
532
681
829
977
125
273
420
568
715
862
009
156
303
449
596
742
888
034
179
325
470
615
760
905
049
194
338
482
626
770
914
057
200
343

151
302
453
603
754
904
054
204
354
504
653
803
952
101
250
399
547
696
844
992
140
288
435
583
730
877
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171
317
464
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756
902
048
194
339
484
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775
919
064
208
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641
784
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.57 358

501
643
786
928

.58 070
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354
496
637
779
920

.59 061

201
342
482
622
763
902

.60 042

182
321
460
599
738
876

.61 015

153
291
429
566
704
841
978

.62 115

251
388
524
660
796
932

.63 068

203
338
473
608
742
877

.64 011

145

372 386 401
515 529 543
657 762 686
800 814 828
942 957 971
085 099 113
226 241 255
368 382 397
510 524 538
651 666 680
793 807 821
934 948 962
075 089 103
215 229 244
356 370 384
496 510 524
636 651 665
777 790 804
916 930 944
056 070 084
195 209 223
335 349 363
474 488 502
613 627 640
751 765 779
890 904 918
028 042 056
167 180 194
304 318 332
442 456 470
580 594 607
717 731 745
855 868 882

127

269
411
552
694
835
976

117

258
398
538
679
818
958
098
237
376
516
654
793
932
070
208
346
484
621
759
896

415 429
558 572
700 715
843
985

857
999
141
283
425
567
708
849
990
131
272
412
552
693
832
972
112
251
390
529
668
807
945
084
222
360
497
635
772
909

443
586
729
871
013
156
297
439
581
722
863
004
145
286
426
566
707
846
986
126
265
404
543
682
821
959
097
236
373
511
649
786
923

743
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312
453
595

736

877
018

159
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440
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721
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279
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557
696
835
973
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387
525
662
800
937

992 005 019
128 142 156
265 279 292
402 415 429
538 552 565
674 688 701
810 823 837
946 959 973
081 095 108
216 230 243
352 365 379
487 500 514
621 635 648
756 769 783
890 904 917
024 038 051
158 172 185

033

169

306
443
579
715
851
986

122

257
392
527
662
796
930
065

199

046
183
320
456
592
728
864
000
135
271
406
540
675
810
944
078
212

060
197
333
470
606
742
878
013
149
284
419
554
689
823
957
091
225

074
210
347
483
620
756
891
027
162
298
433
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702
836
971
105
239
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028
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184
326
467
609
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891
032
173
314
454
504
735
874
014
154
203
432
571
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848
987
125
263
401
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676
813
951
087
224
361
497
633
769
905
040
176
311
446
581
715
850
984
118
252

486
629
772
914
056
198
340
482
623
764
906
046
187
328
468
608
749
888
028
168
307
446
585
724
862
001
139
277
415
552
690
827
964
101
238
374
511
647
783
918
054
189
325
460
594
729
863
998
132
265

501
643
786
928
070
212
354
496
637
779
920
061
201
342
482
622
763
902
042
182
321
460
599
738
876
015
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429
566
704
841
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932
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473
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742
877
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TABLE 1015 (continued)—T%II%ONOMETRIC FUNCTIONS
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TABLE 1015 (continued)—SIN AND COS OF HUNDREDTHS
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.64

.65

.66

.67

.68
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279
412
546
679
812
945
077
210
342
474
606
738
869
000
131
262
393
523
653
783
913
043
172
301
430
559
688
816
944
072
200
327
455
582
709
835
962
088
214
340

466
591

717

842
966
091

215
339

463

587

426
559
692
825
958
091
223
355
487
619
751
882
013
144
275
406
536
666
796
926
056
185
314
443
572
700
829
957
085
213
340
467
595
721
848
975
101
227
353
478
604
729
854
979
103
228
352
476
600

292 305 319

439
572
706
839
971
104
236
368
500
632
764
895
026
157
288
419
549
679
809
939
069
198
327
456
585
713
842
970
098
225
353
480
607
734
861

987
113
240
365
491

616
742

867
991

116

240
364
488
612

332

452466
586(599
719732

852

865

9851998

117

130

250|263
382i395
514/527
645|659
777|790
908921
039|053
170/184
301(314
4321445
562575
692705
822(835
9521965
082/094
211(224
340(353
469/482
598610
726|739
854:867
983,995
110|123
238/251
366378
493|506
620(633
7471759
873|886

346 359|372 386 399

479 492506
612 626/639 652
746 759|772 785
878 892905
011 024/038
144 157(170
276 289|302
408 421[434
540 553|566
672 685/698
803 816(830
935 948961
066 079092
197 210/223
327 340(353
458 471/484
588 601|614
718 731|744
848 861{874
978 991|004
107 120/133
237 250(263
366 379|392
495 508|520
623 636649
752 765|777
880 893906
008 021[034
136 149(162
264 276|289
391 4041417
518 531|544
645 658/671
772 785|797
899 911(924

000[012
126[139
252|265
378/390
503(516
629)641
754|767
879|891

025 038|050
151 164j177
277 290302
403 416|428
529 541554
654 666/679
779 792/804
904 916(929

004016
128141
253|265
377|389
501(513
624(637

029 041|054
153 166(178
277 290|302
401 414(426
525 538|550

649 661674 686 698

519

918
051
183
316
448
580
711
843
974
105
236
367
497
627
757
887
017
146
275
404
533
662
790
919
047
174
302
429
556
683
810
937
063
189
315
441
566
691
817
941
066
190
315
439
562

532
666
799
932
064
197
329
461
593
724
856
087
118
249
380
510
640
770
900
030
159
288
417
546
675
803
931
059
187
315
442
569
696
823
949
076
202
328
453
579
704
829
954
078
203
327
451
575

412
546
679
812
945
077
210
342
474
606
738
869
000
131
262
393
523
653
783
913
043
172
301
430
559
688
816
944
072
200
327
455
582
709
835
962
088
214
340
466
591
717
842
966
091
215
339
463
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.70
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.74
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711
834
957
080
203
325
447
569
691
813
934
055
176
297
417
537
657
777
897
016
135
254
373
491
610
728
846
963
080
198
314
431
548
664
780
896
011
126
241
356
471
585
700
813
927
041
154
267
380
492

723
846
969
092
215
337
459
581
703
825
946
067
188
309
429
549
669
789
909
028
147
266
385
503
622
740
857
975
092
209
326
443
559
675
791
907
023
138
253
368
482
597
711
825
938
052
165
278
391
503

735
859
982
104
227
350
472
594
716
837
958
079
200
321
441
561
681
801
921
040
159
278
397
515
633
751
869
987
104
221
338
454
571
687
803
919
034
149
264
379
494
608
722
836
950
063
176
289
402
515

748
871

760
883

994(006

117
239
362
484
606
728
849
970
091
212
333
453
573
693
813
933
052
171
290
409
527
645
763
881
998
116
233
350
466
582
699
815
930
046
161
276
391
505
620
734
848
961
075
188
301
413
526

129
252
374
496
618
740
861
982
104
224
345
465
585
705
825
945
064
183
302
420
539
657
775
893
010
127
244
361
478
594
710
826
942
057
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402
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631
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859

973

086
199
312
425
537

772 785|797 809
896 908|920 932
019 031(043
141 154/166
264 276(288
386 398l411
508 520|533
630 642/655
752 764(776
873 885898
995 007(019
116 128140
236 248261
357 369(381
477 489(501
597 609|621
717 729|741
837 849/861
957 969980
076 088|100
195 207,219
314 326/337
432 444/456
551 562|574
669 681!692
787 798|810
904 916928
022 034[045
139 1511162
256 268|279
373 385/396
489 501|513
606 617/629
722 733|745
838 849(861
953 965|976
069 080/092
184 195/207
299 310[322
414 425(437
528 540|551
642 654/665
756 768[779
870 882|893
984 995[007
097 109|120
210 222(233
323 335[346
436 447|458
548 560|571

055
178
301
423
545
667
788
910
031
152
273
393
513
633
753
873
992
112
231
349
468
586
704
822
940
057
174
201
408
524
641
757
872
988
103
218
333
448
562
677
791
904
018
131
244
357
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816 826 835
914 923 933
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781 791 800
877 886 896
971 981 990
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629 638 647

814 823 833
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663 672 681
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328 337 346
419 428 437
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TABLE 1015 (continued)—TIé%(ngONOMETRIC FUNCTIONS TABLE 1015 (continued)—SIN AND COS OF HUNDREDTHS

OF DEGREES
01 2 3({4 5 6|7 8 9]0 Diff. SIN
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1| .94 029 |035 041 047|053 058 064/070 076 082| 088 | .8 75.0{ .96 593 597 602 606/611 615 620/624 629 633| 638 | .9 4-5
.2 088 [094 100 106/112 118 123[129 135 141} 147 | .7 .1 638 642 647 651656 660 664669 673 678 682 | .8
3 147 {153 159 165[171 176 182/188 194 200/ 206 | .6 .2 682 (687 691 696700 705 709|713 718 722| 727 | .7
4 206 (212 217 223|229 235 241(247 252 258| 264 | .5 .3 727|731 736 740{744 749 753758 762 767) 771 | .6
.5 264 |270 276 282|287 293 299|305 311 316| 322 | .4 4 771 |775 780 784|788 793 797)802 806 810| 815 | .5
.6 322 (328 334 340[345 351 357(363 369 374] 380 | .3 .5 815 (819 823 828|832 837 841845 850 854 858 | .4
7 380 [386 392 397|403 409 415420 426 432| 438 | .2 .6 858 |863 867 871|876 880 884/889 893 897| 902 | .3
.8 438 (443 449 455[461 466 472[478 483 489| 495 | .1 .7 902 (906 910 914/919 923 927(932 936 940| 945 | .2
.9 495 |501 506 512|518 523 529|535 540 546| 552 19.0 .8 945 (949 953 957/962 966 9701974 979 983| 987 | .1
71.0 552 [558 563 569|575 580 586(592 597 603| 609 .9 -9 987 [991 996 000,004 008 013{017 021 025; 030 [14.0
1 609 614 620 625!631 637 642|648 654 659| 665 .8 76.0| .97 030 |034 038 042|046 051 055{059 063 067 072 .9
.2 665 {671 676 682(687 693 699704 710 715| 721 q 1 072 |076 080 084/088 093 097/101 105 109} 113 .8
.3 721 {727 732 738|743 749 755760 766 771 777 | .6 .2 113 |118 122 126|130 134 138|142 147 151| 155 | .7
4 777 |782 788 794|799 805 810|816 821 827 832 | .5 .3 155 |159 163 167|171 176 180|184 188 192| 196 | .6
.5 832 {838 843 849|854 860 866|871 877 832| 888 | .4 5-6 4 196 [200 204 208(212 217 221|225 229 233| 237 | .5
.6 888 [893 899 904[910 915 921[926 932 937| 943 | .3 .5 237 241 245 249|253 257 261|265 269 274| 278 [ .4
7 943 (048 954 959|964 970 975(981 986 992{ 997 | .2 .6 278 (282 286 200(294 298 302(306 310 314| 318 | .3
.8 997 [003 008 014|019 024 030,035 041 046| 052 | .1 7 318 (322 326 330334 338 342|346 350 354/ 358 | .2 4
.91 .95 052 [057 062 068/073 079 084|089 095 100| 106 {18.0 .8 358 (362 366 370|374 378 382|386 390 394| 398 | .1
72.0 106 (111 116 122{127 133 138143 149 154| 159 | .9 .9 398 (402 406 400|413 417 421|425 429 433| 437 |13.0
1 159 {165 170 176181 186 192[197 202 208! 213 .8 77.0 437 |441 445 449/453 457 461]464 468 472| 476 .9
.2 213 (218 224 220(234 240 245250 256 261| 266 | .7 .1 476 |480 484 488|492 406 499|503 507 511| 515 | .8
.3 266 1271 277 282|287 293 298/303 309 314| 319 | .6 .2 515 [519 523 527|530 534 538|542 546 550| 553 | .7
.4 319 {324 330 335/340 345 351|356 361 366] 372 | .5 .3 553 |557 561 565,569 573 576580 584 588| 592 [ .6
.5 372 |377 382 387(393 398 403{408 414 419 424 .4 4 592 1595 599 603|607 611 614618 622 626| 630 .5
.6 424 (429 434 440|445 450 455460 466 471| 476 | .3 .5 630 [633 637 641|645 648 652|656 660 663| 667 | .4
7 476 481 486 492497 502 507|512 518 523| 528 | .2 .6 667 |671 675 678682 686 690|693 697 701| 705 | .3
.8 528 |533 538 543|548 554 559|564 569 574| 579 | .1 7 705 |708 712 716(719 723 727|731 734 738 742 | .2
9 579 |584 590 595/600 605 610|615 620 625/ 630 [17.0 .8 742 |745 749 753|756 760 764[767 771 775 778 | .1
73.0 630 636 641 646|651 656 661|666 671 676/ 681 | .9 -9 778 {782 786 789|793 797 800|804 807 81i1f 815 |12.0
1 681 |686 691 697(702 707 712|717 722 727| 732 8 78.0 815 |818 822 826|829 833 836|840 844 847| 851 .9
.2 732 |737 742 747|752 757 762{767 772 777| 782 7 .1 851 [854 858 862|865 869 872{876 880 883 887 .8
3 782 \787 792 797(802 807 812|817 822 827 832 | .6 5 2 887 890 894 897901 905 008912 915 919 922 | .7
4 832 837 842 847|852 857 862|867 872 877| 882 | .5 .3 922 (926 929 933|936 940 943|947 951 954| 958 | .6
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.8 502 506 511 515520 524 520(534 538 543| 547 | .1 7 389 (392 395 398401 404 407|410 413 416 420 | .2
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541
570
600
629
657
686
714
741
769
796
823
849
876
902
927
953
978
002
027
051
075
098
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144
167
189
211
233
255
276
297
317
337
357
377
396
415
434
452
470
488
506
523
540
556
572
588
604

514 517 520
544 547 550
573 576 579
603 605 608
631 634 637
660 663 666
688 691 694
716 719 722
744 747 750
772 774 777
799 801 804
826 828 831
852 855 857
878 881 883
904 907 909
930 932 935
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